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ON MACAULAYFICATION OF NOETHERIAN SCHEMES

TAKESI KAWASAKI

Abstract. The Macaulayfication of a Noetherian scheme X is a birational
proper morphism from a Cohen-Macaulay scheme toX. In 1978 Faltings gave a
Macaulayfication of a quasi-projective scheme if its non-Cohen-Macaulay locus
is of dimension 0 or 1. In the present article, we construct a Macaulayfication
of Noetherian schemes without any assumption on the non-Cohen-Macaulay
locus. Of course, a desingularization is a Macaulayfication and, in 1964, Hi-
ronaka already gave a desingularization of an algebraic variety over a field
of characteristic 0. Our method, however, to construct a Macaulayfication is
independent of the characteristic.

1. Introduction

Let X be a Noetherian scheme. A birational proper morphism Y → X is said
to be a Macaulayfication of X if Y is a Cohen-Macaulay scheme. This notion was
given by Faltings [9] in analogy with desingularization. Furthermore, he proved
that a quasi-projective scheme over a Noetherian ring A has a Macaulayfication if
its non-Cohen-Macaulay locus is of dimension 0 or 1 and A possesses a dualizing
complex. We should mention that his method of constructing a Macaulayfication
is independent of the characteristic of the ring A unlike Hironaka’s desingulariza-
tion [19].

Furthermore, several authors are interested in Macaulayfication. For example,
Goto [10] gave a Macaulayfication of the spectrum of certain Buchsbaum rings.
We can give a Macaulayfication of the spectrum of arbitrary Buchsbaum rings
by Faltings’ method. Goto’s Macaulayfication, however, is better than Faltings’
one in a sense. Indeed, Goto’s one is a finite morphism though Faltings’ one is
not. Furthermore, Goto [11] and Schenzel [29], independently, refined Faltings’
Macaulayfication in the case that the non-Cohen-Macaulay locus is of dimension 0.

On the other hand, Brodmann [4], [5] gave other Macaulayfications under the
same assumption as Faltings. His method is quite different from Faltings’ one.
Indeed, his Macaulayfication preserves normality and regularity. He also showed in
[6] that there exists no minimal Macaulayfication even if X is a surface.

Recently, the author [21] gave a Macaulayfication of quasi-projective schemes
whose non-Cohen-Macaulay locus is of dimension 2. In the present article, we
improve it. The main theorem of this article is as follows.
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Theorem 1.1. Let A be a Noetherian ring possessing a dualizing complex and X
a separated, of finite type scheme over SpecA. Then X has a Macaulayfication.

To make a survey, we sketch the construction of our Macaulayfication. First we
consider the case of affine schemes. Let A be a Noetherian local ring possessing a
dualizing complex. Then the non-Cohen-Macaulay locus V of X = SpecA is closed.
We assume that A is equidimensional and fix an integer s such that dimV ≤ s <
dimX . In this case our Macaulayfication of X consists of successive s+ 1 blowing-
ups

Ys,1 → Ys,2 → · · · → Ys,s → Ys,s+1 → X

such that

depthOYs,i,p ≥ d− i + 1 for all closed points p on Ys,i.

The schemes Ys,s and Ys,s+1 were essentially given by Faltings. Furthermore, if
s > 0, then we can give another Macaulayfication of X consisting of a finite mor-
phism hs,1 and successive s blowing-ups

Zs,1
hs,1−→ Ys,2 → · · · → Ys,s → Ys,s+1 → X.

Since s is arbitrary, we have distinct 2(dimX − dimV ) Macaulayfications of X if
dimV > 0. In Section 4, we give the precise statement and its proof. We compute
an example of a Macaulayfication in Appendix B

The center of each blowing-up is the ideal generated by a subsystem of certain
system of parameters for A, named a p-standard system of parameters by Cuong [7].
In particular, the center of the first blowing-up is the ideal generated by an uncon-
ditioned strong d-sequence (for short d+-sequence), which was studied by Goto and
Yamagishi. We discuss a p-standard system of parameters in Sections 2 and 3.
Since the theory of d+-sequences plays a key role, this article includes proofs of a
few results of [15] in Appendix A.

In Section 5, we prove Theorem 1.1 by using the result in the preceding section.
It is a routine established by Faltings.

In Section 6, we give an application of Macaulayfication. A dualizing complex
is an important notion for commutative algebra and algebraic geometry. It is well-
known that a homomorphic image of a finite-dimensional Gorenstein ring has a
dualizing complex. Indeed if B is a finite-dimensional Gorenstein ring, then its
injective resolution I• is a dualizing complex of B. If A is a homomorphic image
of B, then HomB(A, I•) is a dualizing complex of A. In 1979 Sharp [30] posed a
conjecture: the converse is true. Aoyama and Goto [1], [2] gave a partial answer to
Sharp’s conjecture by using Faltings’ Macaulayfication. They showed that Sharp’s
conjecture is true for a Noetherian local ring whose non-Cohen-Macaulay locus is
of dimension 0 or 1. Their argument still works in general. We show the following
theorem.

Theorem 1.2. A Noetherian ring A possessing a dualizing complex is a homomor-
phic image of a finite-dimensional Gorenstein ring if A satisfies one of the following
three conditions :

1. A has no embedded prime ideal and t(p) − ht p is locally constant on SpecA
where t denotes the codimension function of A;

2. A is an integral domain;
3. A is a local ring.
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Throughout this article except for Sections 5 and 6, A denotes a Noetherian
local ring with maximal ideal m. For a graded ring R =

⊕
n≥0Rn, R+ denotes

the irrelevant ideal
⊕

n>0Rn. We refer the reader to [17], [18] and [22] for other
unexplained terminology.

2. A p-standard system of parameters, I

In this section, we state the definition and properties of a p-standard system of
parameters, which was introduced by Cuong [7].

First we recall definitions of d-sequences and unconditioned strong d-sequences.
They were given by Huneke [20] and GotoYamagishi [15], respectively, but our
definition of d-sequences is slightly different from Huneke’s original one.

Definition 2.1. Let M be an A-module. A sequence x1, . . . , xd of elements in A
is said to be a d-sequence on M if

(x1, . . . , xi−1)M : xixj = (x1, . . . , xi−1)M : xj for any 1 ≤ i ≤ j ≤ d.
A sequence x1, . . . , xd of elements in A is said to be an unconditioned strong d-
sequence (for short, a d+-sequence) on M if xn1

1 , . . . , xndd is a d-sequence on M for
any positive integers n1, . . . , nd and in any order.

The following lemma was first given by Goto and Shimoda [12, Lemma 4.2] for
the system of parameters for a Buchsbaum ring, which is a typical example of
d-sequences. Since we often use it, we give a proof.

Lemma 2.2 ([15, Theorem 1.3]). Let M be an A-module and x1, . . . , xd a d-
sequence on M . If we put q = (x1, . . . , xd), then

(x1, . . . , xi−1)M : xi ∩ qnM = (x1, . . . , xi−1)qn−1M(2.2.1)

for all n > 0 and 1 ≤ i ≤ d+ 1, where we set xd+1 = 1 and (x1, . . . , xi−1) = (0) if
i = 1.

Proof. We work by induction on n and i. If i = d+ 1, then it is trivial. Let i ≤ d
and assume that

(x1, . . . , xi)M : xi+1 ∩ qnM = (x1, . . . , xi)qn−1M.

If a is in the left hand side of (2.2.1), then

a ∈ (x1, . . . , xi−1)M : xi ∩ qnM

⊆ (x1, . . . , xi−1)M : xixi+1 ∩ q
nM

= (x1, . . . , xi−1)M : xi+1 ∩ qnM

⊆ (x1, . . . , xi)M : xi+1 ∩ q
nM

= (x1, . . . , xi)qn−1M.

Let a = b+ xic with b ∈ (x1, . . . , xi−1)qn−1M and c ∈ qn−1M . Then

c ∈ (x1, . . . , xi−1)M : x2
i = (x1, . . . , xi−1)M : xi.

If n = 1, then a = b+ xic ∈ (x1, . . . , xi−1)M .
If n > 1, then

c ∈ (x1, . . . , xi−1)M : xi ∩ qn−1M

= (x1, . . . , xi−1)qn−2M

by the induction hypothesis. Thus a = b+ xic ∈ (x1, . . . , xi−1)qn−1M .
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To state the definition of a p-standard system of parameters, we need the fol-
lowing definition and lemmas. They were given by Schenzel [26] [27] and [28].

Definition 2.3. Let M be a finitely generated A-module. An ideal a(M) is defined
to be

a(M) =
∏

0≤i<dimM

annHi
m(M)

where annH i
m(M) denotes the annihilator of Hi

m(M).

If A is a homomorphic image of a Gorenstein local ring B, then the local duality
theorem says that annHi

m(M) = ann Extn−iB (M,B), where n = dimB. Therefore

a(M) =
n∏

i=n−dimM+1

ann ExtiB(M,B).

Of course, M is Cohen-Macaulay if and only if a(M) = A.

Lemma 2.4. Let M be a finitely generated A-module. If A possesses a dualizing
complex, then the following statements hold :

1. dimA/a(M) < dimM .
2. Let p be a prime ideal of A. Then a(M) 6⊆ p if and only if Mp is a Cohen-

Macaulay Ap-module and dimA/p + dimMp = dimM .
3. If M is equidimensional, then the non-Cohen-Macaulay locus of M coincides

with V (a(M)).

Proof. (1): See [28, p. 46]. (2): See [28, Satz 2.4.6]. (3): See [28, p. 52].

Lemma 2.5. Let M be a finitely generated A-module of dimension d > 0 and
x1, . . . , xd a system of parameters for M . Then

(x1, . . . , xi−1)M : xi ⊆ (x1, . . . , xi−1)M : a(M) for all 1 ≤ i ≤ d.
In particular, if xi ∈ a(M), then the equality holds.

Proof. See [27, Theorem 3] or [28, Satz 2.4.2].

Lemma 2.5 is always true but Lemma 2.4 is false without dualizing complex. We
find a counterexample in [26].

Now we give the definition of a p-standard system of parameters, but it is slightly
different from Cuong’s original one.

Definition 2.6. Let M be a finitely generated A-module of dimension d > 0,
x1, . . . , xd a system of parameters for M and s an integer such that 0 ≤ s < d.
We say that x1, . . . , xd is a p-standard system of parameters of type s if

1. xs+1, . . . , xd ∈ a(M);
2. xi ∈ a(M/(xi+1, . . . , xd)M) for all 1 ≤ i ≤ s.

In the case of s = d− 1, our definition coincides with Cuong’s one.
As a consequence of Lemma 2.4, we can find a p-standard system of parameters

for any finitely generated module.

Theorem 2.7. Let M be a finitely generated A-module of dimension d > 0 and s
an integer such that dimA/a(M) ≤ s < d. If A has a dualizing complex, then there
exists a p-standard system of parameters of type s for M .
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Proof. Since d−dimA/a(M) ≥ d−s, there exist d−s elements xs+1, . . . , xd ∈ a(M)
such that dimM/(xs+1, . . . , xd)M = d− (d− s) = s.

If a subsystem of parameters xi+1, . . . , xd for M is given, then there exists
xi ∈ a(M/(xs+1, . . . , xd)M) such that dimM/(xi, . . . , xd)M = i − 1, because
dimA/a(M/(xi+1, . . . , xd)M) < i.

The following proposition comes from Lemma 2.5 at once.

Proposition 2.8. Let M be a finitely generated A-module of dimension d > 0
and x1, . . . , xd a p-standard system of parameters of type s for M . Then the
sequence xs+1, . . . , xd is a d+-sequence on M/(y1, . . . , yu)M for any subsystem of
parameters y1, . . . , yu for M/(xs+1, . . . , xd)M . In particular, xs+1, . . . , xd is a
d+-sequence on M itself.

Proof. Since y1, . . . , yu, xns+1
s+1 , . . . , xnii and y1, . . . , yu, xns+1

s+1 , . . . , xni−1
i−1 , xnii x

nj
j

are two subsystems of parameters for M ,

(y1, . . . , yu, x
ns+1
s+1 , . . . , x

ni−1
i−1 )M : xnii = (y1, . . . , yu, x

ns+1
s+1 , . . . , x

ni−1
i−1 )M : a(M)

= (y1, . . . , yu, x
ns+1
s+1 , . . . , x

ni−1
i−1 )M : xnii x

nj
j

for any integers ns+1, . . . , xd and s+ 1 ≤ i ≤ j ≤ d.

The main theorem of this section is as follows.

Theorem 2.9. Let M be a finitely generated A-module of dimension d > 0, x1, . . . ,
xd a p-standard system of parameters of type s for M and y1, . . . , yu a subsystem
of parameters for M/(xi, . . . , xd)M where 2 ≤ i ≤ d and 1 ≤ u < i. If yu ∈ a(M)
or yu ∈ a(M/(xi, . . . , xd)M), then

(y1, . . . , yv−1, xλ | λ ∈ Λ)M : yvyu = (y1, . . . , yv−1, xλ | λ ∈ Λ)M : yu(2.9.1)

for any 1 ≤ v ≤ u and Λ ⊆ {i, . . . , d}. In particular, by letting Λ = ∅, we have

(y1, . . . , yv−1)M : yvyu = (y1, . . . , yv−1)M : yu.(2.9.2)

Here (xλ | λ ∈ Λ) denotes the ideal generated by {xλ | λ ∈ Λ} and we put

(y1, . . . , yv−1, xλ | λ ∈ Λ) = (y1, . . . , yv−1) + (xλ | λ ∈ Λ).

Proof. If yu ∈ a(M), then the both side of (2.9.1) coincide with

(y1, . . . , yv−1, xλ | λ ∈ Λ)M : a(M)

because of Lemma 2.5.
In the case of yu ∈ a(M/(xi, . . . , xd)M), we work by induction on the number

of elements in Λ. If Λ = {i, . . . , d}, then (2.9.1) comes from Lemma 2.5 applied to
M/(xi, . . . , xd)M .

Assume that Λ 6= {i, . . . , d} and let l be the largest element of {i, . . . , d} \Λ. Let
a be an element of the left hand side of (2.9.1). Then we have

a ∈ (y1, . . . , yv−1, xl, xλ | λ ∈ Λ)M : yvyu
= (y1, . . . , yv−1, xl, xλ | λ ∈ Λ)M : yu

by the induction hypothesis. We put yua = xlb+ c with

c ∈ (y1, . . . , yv−1, xλ | λ ∈ Λ)M.
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Then we obtain that

b ∈ (y1, . . . , yv−1, xλ | λ ∈ Λ)M : yvxl
= (y1, . . . , yv−1, xλ | λ ∈ Λ)M : xl.

Indeed, if l ≤ s, then xl ∈ a(M/(xl+1, . . . , xd)M) and l + 1, . . . , d ∈ Λ. Hence we
can apply Lemma 2.5 to M/(xl+1, . . . , xd)M . On the other hand, if l > s, then
xl ∈ a(M). We can apply Lemma 2.5 to M itself. Therefore

yua = xlb+ c ∈ (y1, . . . , yv−1, xλ | λ ∈ Λ)M.

That is, a ∈ (y1, . . . , yv−1, xλ | λ ∈ Λ)M : yu. The proof is completed.

We use the following corollary for our Macaulayfication in Section 4.

Corollary 2.10. Let M be a finitely generated A-module of dimension d > 0,
x1, . . . , xd a p-standard system of parameters of type s for M and y1, . . . , yu a
subsystem of parameters for M/(xi, . . . , xd)M where 1 ≤ i ≤ d and 1 ≤ u < i.
Then the sequence xi, . . . , xd is a d-sequence on M/(y1, . . . , yu)M . In particular,
x1, . . . , xd is a d-sequence on M itself.

Proof. Let i ≤ j ≤ k ≤ d. By applying (2.9.2) to the subsystem of parameters
y1, . . . , yu, xi, . . . , xk for M/(xk+1, . . . , xd)M , we obtain

(y1, . . . , yu, xi, . . . , xj−1)M : xjxk = (y1, . . . , yu, xi, . . . , xj−1)M : xk.

3. A p-standard system of parameters, II

This section is devoted to the proof of the following theorem.

Theorem 3.1. Let M be a finitely generated A-module of dimension d > 0 and
x1, . . . , xd a p-standard system of parameters of type s for M . We put qi =
(xi, . . . , xd) for all 1 ≤ i ≤ d. Then for any positive integers 1 ≤ i ≤ j ≤ d and
ni, . . . , nj, we obtain the following statements :

(Aij) If y1, . . . , yu is a subsystem of parameters for M/qiM , then

(3.1.1) (y1, . . . , yu, xk, . . . , xl−1)M : xl ∩ [(y1, . . . , yu)M + q
ni
i · · · q

nj
j M ]

= (y1, . . . , yu)M + (xk, . . . , xl−1)qnii · · · q
nk−1
k · · · qnjj M

for arbitrary integers k and l such that i ≤ k ≤ j and k ≤ l ≤ d + 1. Here we set
xd+1 = 1.

(Bij) If y1, . . . , yu is a subsystem of parameters for M/qiM , then

(3.1.2) [(y1, . . . , yu−1)M + (xk, . . . , xl)qnii · · · q
nj
j M ] : yu

= (xk, . . . , xl){[(y1, . . . , yu−1)M + q
ni
i · · · q

nj
j M ] : yu}
+ (y1, . . . , yu−1)M : yu

for arbitrary integers k and l such that i ≤ k ≤ j and k ≤ l ≤ d. In particular, by
letting l = d, we have

[(y1, . . . , yu−1)M + q
ni
i · · · q

nk+1
k · · · qnjj M ] : yu

= qk{[(y1, . . . , yu−1)M + q
ni
i · · · q

nj
j M ] : yu}

+ (y1, . . . , yu−1)M : yu

for all i ≤ k ≤ j.
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(Cij) If y1, . . . , yu is a subsystem of parameters for M/qiM , then

(3.1.3) [(y1, . . . , yu−1)M + q
ni
i · · · q

nj
j M ] : yu

⊆ (y1, . . . , yu−1)M : yu + q
ni−1
i · · · qnjj M.

(Dij) If y1, . . . , yu is a subsystem of parameters for M/qiM , then

(3.1.4) [(y1, . . . , yu−1)M + qi · · · qjM ] : yu ∩ xiM
⊆ xi{[(y1, . . . , yu−1)M + qi+1 · · · qjM ] : yu}+ (y1, . . . , yu−1)M.

Here we put qi+1 · · · qjM = M if i = j.
(Eij) Let k be an integer such that 2 ≤ k ≤ i. If y1, . . . , yu is a subsystem of

parameters for M/qkM such that yu ∈ a(M/qkM), then

(3.1.5) [(y1, . . . , yv−1, xλ | λ ∈ Λ)M + q
ni
i · · · q

nj
j M ] : yvyu

= [(y1, . . . , yv−1, xλ | λ ∈ Λ)M + q
ni
i · · · q

nj
j M ] : yu

for any 1 ≤ v ≤ u and Λ ⊆ {k, . . . , i− 1}.

We divide the proof into several steps. Roughly speaking, we work by induction
on k = j − i.

.

Diagram of the induction

∀i : (Aii), (Bii), . . . , (Ei,i+k−1) ⇒ ∀i : (Ai,i+k) (Steps 1 and 5);
∀i : (Aii), (Bii), . . . , (Ei,i+k−1), (Ai,i+k) ⇒ ∀i : (Bi,i+k) (Step 2);
∀i : (Aii), (Bii), . . . , (Ai,i+k), (Bi,i+k) ⇒ ∀i : (Ci,i+k) (Steps 3 and 6);
∀i : (Aii), (Bii), . . . , (Bi,i+k), (Ci,i+k) ⇒ ∀i : (Di,i+k) (Steps 4 and 7);
∀i : (Aii), (Bii), . . . , (Ci,i+k), (Di,i+k) ⇒ ∀i : (Ei,i+k) (Steps 3, 8 and 9).

Step 1. (Aii) is true.

Proof. Corollary 2.10 says that xi, . . . , xd is a d-sequence on M/(y1, . . . , yu)M .
Therefore (Aii) coincides with Lemma 2.2.

Step 2. If j ≥ i, then (Bij) comes from (Aij).

Proof. Let a be an element of the left hand side of (3.1.2) and put yua = xlb + c
with b ∈ q

ni
i · · · q

nj
j M and c ∈ (y1, . . . , yu−1)M + (xk, . . . , xl−1)qnii · · · q

nj
j M . By

using (Aij), we obtain

b ∈ (y1, . . . , yu, xk, . . . , xl−1)M : xl ∩ q
ni
i · · · q

nj
j M

⊆ (y1, . . . , yu)M + (xk, . . . , xl−1)qnii · · · q
nk−1
k · · · qnjj M.

Let b = yua
′ + c′ with

c′ ∈ (y1, . . . , yu−1)M + (xk, . . . , xl−1)qnii · · · q
nk−1
k · · · qnjj M.

Then

a′ ∈ [(y1, . . . , yu−1)M + q
ni
i · · · q

nj
j M ] : yu

and

a− xla′ ∈ [(y1, . . . , yu−1)M + (xk, . . . , xl−1)qnii · · · q
nj
j M ] : yu.
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By induction on l, we find that a is in the right hand side of (3.1.2). The opposite
inclusion is obvious.

Step 3. (Bii) implies (Cii) and (Eii).

Proof. By using (Bii), we have

[(y1, . . . , yu−1)M + q
ni
i M ] : yu

= q
ni−1
i {[(y1, . . . , yu−1)M + qiM ] : yu}

+ (y1, . . . , yu−1)M : yu

and

[(y1, . . . , yv−1, xλ | λ ∈ Λ)M + q
ni
i M ] : yvyu

= q
ni−1
i {[(y1, . . . , yv−1, xλ | λ ∈ Λ)M + qiM ] : yvyu}

+ (y1, . . . , yv−1)M : yvyu.

Furthermore, if yu ∈ a(M/qkM), then (2.9.2) says that

(y1, . . . , yv−1)M : yvyu = (y1, . . . , yv−1)M : yu.

Thus we may assume that ni = 1. Then (Cii) is trivial and (Eii) is included in
Theorem 2.9.

Step 4. (Dii) is trivial.

Proof. Indeed, the right hand side of (3.1.4) is (y1, . . . , yu−1, xi)M .

Step 5. If j > i, then (Aij) comes from (Ai+1,j) and (Ci+1,j).

Proof. We first show that

(3.1.6) (y1, . . . , yu, xi, . . . , xl−1)M : xl ∩ [(y1, . . . , yu−1)M + q
ni+1
i+1 · · · q

nj
j M ]

⊆ (y1, . . . , yu)M + (xi, . . . , xl−1)qni+1−1
i+1 · · · qnjj M

for all i ≤ l ≤ d+ 1. If l = d+ 1, then (3.1.6) is trivial. Assume that l ≤ d. Let a
be an element of the left hand side of (3.1.6). By applying (Ai+1,j) to a subsystem
of parameters y1, . . . , yu, xi for M/qi+1M , we obtain

a ∈ (y1, . . . , yu, xi, . . . , xl−1)M : xl ∩ [(y1, . . . , yu, xi)M + q
ni+1
i+1 · · · q

nj
j M ]

= (y1, . . . , yu, xi)M + (xi+1, . . . , xl−1)qni+1−1
i+1 · · · qnjj M.

If we put a = xib+ c with

c ∈ (y1, . . . , yu)M + (xi+1, . . . , xl−1)qni+1−1
i+1 · · · qnjj M,

then

b ∈ [(y1, . . . , yu)M + q
ni+1
i+1 · · · q

nj
j M ] : xi

⊆ (y1, . . . , yu)M : xi + q
ni+1−1
i+1 · · · qnjj M

by (Ci+1,j) applied to a subsystem of parameters y1, . . . , yu, xi for M/qi+1M . If
l = i, then the left hand side of (3.1.6) is contained in

(y1, . . . , yu)M : xi ∩ (y1, . . . , yu, xi, . . . , xd)M = (y1, . . . , yu)M.

Therefore a is in the right hand side.
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Next we show (3.1.1). In the case of k = i, we work by induction on l and ni.
Let a be an element of the left hand side of (3.1.1). If l = d + 1, then there is
nothing to prove. Assume that i + 1 ≤ l ≤ d. Since xi, . . . , xd is a d-sequence on
M/(y1, . . . , yu)M ,

(y1, . . . , yu, xi, . . . , xl−1)M : xl ⊆ (y1, . . . , yu, xi, . . . , xl)M : xl+1

as the proof of Lemma 2.2. Hence we have

a ∈ (y1, . . . , yu, xi, . . . , xl)M : xl+1 ∩ [(y1, . . . , yu)M + q
ni
i · · · q

nj
j M ]

= (y1, . . . , yu)M + (xi, . . . , xl)qni−1
i · · · qnjj M

by the induction hypothesis. Let a = xla
′ + b with a′ ∈ q

ni−1
i · · · qnjj M and

b ∈ (y1, . . . , yu)M + (xi, . . . , xl−1)qni−1
i · · · qnjj M.

Since xi, . . . , xd is a d-sequence on M/(y1, . . . , yu)M ,

a′ ∈ (y1, . . . , yu, xi, . . . , xl−1)M : x2
l = (y1, . . . , yu, xi, . . . , xl−1)M : xl.

Therefore we get

a′ ∈ (y1, . . . , yu, xi, . . . , xl−1)M : xl ∩ q
ni−1
i . . . q

nj
j M

⊆
{

(y1, . . . , yu)M + (xi, . . . , xl−1)qni+1−1
i+1 · · · qnjj M if ni = 1;

(y1, . . . , yu)M + (xi, . . . , xl−1)qni−2
i . . . q

nj
j M if ni > 1,

by using (3.1.6) or the induction hypothesis, respectively. Since xl ∈ qi+1 ⊆ qi,
a = xla

′ + b is in the right hand side of (3.1.1). If l = i, then

a ∈ (y1, . . . , yu)M : xi ∩ [(y1, . . . , yu)M + q
ni
i · · · q

nj
j M ]

⊆ (y1, . . . , yu)M : xi ∩ (y1, . . . , yu, xi, . . . , xd)M

= (y1, . . . , yu)M

because of Lemma 2.2. The proof is completed if k = i.
In the case of k > i, we work by induction on ni. Assume that l ≤ d. Let a be

an element of the left hand side of (3.1.1). Since (xi) + q
ni
i = (xi) + q

ni
i+1, we have

a ∈ (y1, . . . , yu, xi, xk, . . . , xl−1)M : xl ∩ [(y1, . . . , yu, xi)M + q
ni+ni+1
i+1 · · · qnjj M ]

=

{
(y1, . . . , yu, xi)M + (xi+1, . . . , xl−1)qni+ni+1−1

i+1 · · · qnjj M if k = i+ 1;
(y1, . . . , yu, xi)M + (xk, . . . , xl−1)qni+ni+1

i+1 · · · qnk−1
k · · · qnjj M if k > i+ 1

= (y1, . . . , yu, xi)M + (xk, . . . , xl−1)qnii · · · q
nk−1
k · · · qnjj M.

Here we applied (Ai+1,j) to the subsystem of parameters y1,. . . ,yu, xi for M/qi+1M .
Taking intersection with (y1, . . . , yu)M + q

ni
i · · · q

nj
j M ,

a ∈ (y1, . . . , yu, xi)M ∩ [(y1, . . . , yu)M + q
ni
i · · · q

nj
j M ]

+ (xk, . . . , xl−1)qnii · · · q
nk−1
k · · · qnjj M

= (y1, . . . , yu)M + xiq
ni−1
i · · · qnjj M

+ (xk, . . . , xl−1)qnii · · · q
nk−1
k · · · qnjj M.

Here we used (3.1.1) in the case of k = i to show the equation. Let a = xia
′ + b

with a′ ∈ q
ni−1
i · · · qnjj M and

b ∈ (y1, . . . , yu)M + (xk, . . . , xl−1)qnii · · · q
nk−1
k · · · qnjj M.
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By applying (2.9.2) to the subsystem of parameters y1, . . . , yu, xk, . . . , xl−1, xi,
xl for M/ql+1M , we obtain

a′ ∈ (y1, . . . , yu, xk, . . . , xl−1)M : xixl = (y1, . . . , yu, xk, . . . , xl−1)M : xl.

Therefore we have

a′ ∈ (y1, . . . , yu, xk, . . . , xl−1)M : xl ∩ q
ni−1
i · · · qnjj M

⊆
{

(y1, . . . , yu)M + (xk, . . . , xl−1)qni+1
i+1 · · · q

nk−1
k · · · qnjj M if ni = 1;

(y1, . . . , yu)M + (xk, . . . , xl−1)qni−1
i · · · qnk−1

k · · · qnjj M if ni > 1

by (Ai+1,j) or the induction hypothesis, respectively. Therefore a = xia
′ + b is in

the right hand side of (3.1.1). The opposite inclusion is obvious.

Step 6. If j > i, then (Cij) comes from (Bij), (Cii), (Ci+1,j) and (Ei+1,j).

Proof. We first show that

(y1, . . . , yu−1, xi)M : yu ∩ (y1, . . . , yu−1, xi, . . . , xl)M = (y1, . . . , yu−1, xi)M
(3.1.7)

for all i ≤ l ≤ d. We work by induction on l. If l = i, then there is nothing to
prove. Assume that l > i and let a be an element of the left hand side of (3.1.7).
We put a = xlb+ c with c ∈ (y1, . . . , yu−1, xi, . . . , xl−1)M . By applying (2.9.2) to a
subsystem of parameters y1, . . . , yu−1, xi, . . . , xl−1, yu, xl for M/ql+1M , we have

b ∈ (y1, . . . , yu−1, xi, . . . , xl−1)M : yuxl
= (y1, . . . , yu−1, xi, . . . , xl−1)M : xl.

Thus we get

a ∈ (y1, . . . , yu−1, xi)M : yu ∩ (y1, . . . , yu−1, xi, . . . , xl−1)M

= (y1, . . . , yu−1, xi)M

by the induction hypothesis. The opposite inclusion is obvious.
Next we show (3.1.3). In the same way as Step 3, we may assume that ni =

· · · = nj = 1. Let a be an element of the left hand side of (3.1.3). By (Ci+1,j) we
obtain

a ∈ [(y1, . . . , yu−1, xi)M + q
2
i+1 · · · qjM ] : yu

⊆ (y1, . . . , yu−1, xi)M : yu + qi+1 · · · qjM.

On the other hand, (Cii) gives

a ∈ [(y1, . . . , yu−1)M + q2
iM ] : yu

⊆ (y1, . . . , yu−1)M : yu + qiM.

Thus

a ∈ [(y1, . . . , yu−1, xi)M : yu + qi+1 · · · qjM ] ∩ [(y1, . . . , yu−1)M : yu + qiM ]

= (y1, . . . , yu−1)M : yu + qi+1 · · · qjM + (y1, . . . , yu−1, xi)M : yu ∩ qiM

= (y1, . . . , yu−1)M : yu + qi+1 · · · qjM + xiM.

Here we used (3.1.7) to show the last equation. Taking intersection with

[(y1, . . . , yu−1)M + qi+1 · · · qjM ] : yu,
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we have

a ∈ (y1, . . . , yu−1)M : yu + qi+1 · · · qjM
+ [(y1, . . . , yu−1)M + qi+1 · · · qjM ] : yu ∩ xiM

= (y1, . . . , yu−1)M : yu + qi+1 · · · qjM
+ xi{[(y1, . . . , yu−1)M + qi+1 · · · qjM ] : yuxi}.

By applying (Ei+1,j) to a subsystem of parameters y1, . . . , yu, xi for M/qi+1M ,
we have

[(y1, . . . , yu−1)M + qi+1 · · · qjM ] : yuxi = [(y1, . . . , yu−1)M + qi+1 · · · qjM ] : xi.

Therefore a ∈ (y1, . . . , yu−1)M : yu + qi+1 · · · qjM . The proof is completed.

Step 7. If j > i, then (Ci+1,j) implies (Dij).

Proof. We first show that

(3.1.8) [(y1, . . . , yu−1)M + xiqi+1 · · · qjM ] : yu
= xi{[(y1, . . . , yu−1)M + qi+1 · · · qjM ] : yu}

+ (y1, . . . , yu−1)M : yu.

Let a be an element of the left hand side of (3.1.8) and put yua = xib + c with
b ∈ qi+1 · · · qjM and c ∈ (y1, . . . , yu−1)M . Then

b ∈ (y1, . . . , yu)M : xi ∩ qiM

⊆ (y1, . . . , yu)M

because xi, . . . , xd is a d-sequence on M/(y1, . . . , yu)M . We put b = yua
′ + c′

with c′ ∈ (y1, . . . , yu−1)M . Then a′ ∈ [(y1, . . . , yu−1)M + qi+1 · · · qjM ] : yu and
a−xia′ ∈ (y1, . . . , yu−1)M : yu. Hence a is in the right hand side of (3.1.8) and the
opposite inclusion is obvious.

Next we show (3.1.4). Let a be an element of M such that

xia ∈ [(y1, . . . , yu−1)M + qi · · · qjM ] : yu

and put yuxia = xib+ b′ with b ∈ qi+1 · · · qjM and

b′ ∈ (y1, . . . , yu−1)M + q2
i+1 · · · qjM.

By applying (Ci+1,j) to a subsystem of parameters y1, . . . , yu−1, xi for M/qi+1M ,
we have

yua− b ∈ [(y1, . . . , yu−1)M + q2
i+1 · · · qjM ] : xi

⊆ (y1, . . . , yu−1)M : xi + qi+1 · · · qjM
and hence

yua ∈ (y1, . . . , yu−1)M : xi + qi+1 · · · qjM.

Therefore

xia ∈ [(y1, . . . , yu−1)M + xiqi+1 · · · qjM ] : yu ∩ xiM
= xi{[(y1, . . . , yu−1)M + qi+1 · · · qjM ] : yu}

+ (y1, . . . , yu−1)M : yu ∩ xiM.
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Here we used (3.1.8). By applying (2.9.2) to a subsystem of parameters y1, . . . ,
yu, xi for M/qi+1M , we have

(y1, . . . , yu−1)M : yuxi = (y1, . . . , yu−1)M : xi.

Hence we have

(y1, . . . , yu−1)M : yu ∩ xiM = xi[(y1, . . . , yu−1)M : yuxi]

= xi[(y1, . . . , yu−1)M : xi]

⊆ (y1, . . . , yu−1)M.

Hence xia is in the right hand side of (3.1.4). Thus the proof is completed.

Step 8. (Ei,i+1) comes from (Bi,i+1), (Eii) and (Ei+1,i+1).

Proof. In the same way as Step 3, we may assume that ni = ni+1 = 1. Let a be an
element of the left hand side of (3.1.5). Then we have, by (Eii),

a ∈ [(y1, . . . , yv−1, xλ | λ ∈ Λ)M + q2
iM ] : yvyu

= [(y1, . . . , yv−1, xλ | λ ∈ Λ)M + q2
iM ] : yu.

Therefore we put yua = x2
i b + c with c ∈ (y1, . . . , yv−1, xλ | λ ∈ Λ)M + qiqi+1M .

On the other hand, (Ei+1,i+1) says that

a ∈ [(y1, . . . , yv−1, xλ | λ ∈ Λ)M + qi+1M ] : yvyu
⊆ [(y1, . . . , yv−1, xλ | λ ∈ Λ)M + qi+1M ] : yu.

Thus

b ∈ [(y1, . . . , yv−1, xλ | λ ∈ Λ)M + qi+1M ] : x2
i

= [(y1, . . . , yv−1, xλ | λ ∈ Λ)M + qi+1M ] : xi.

Indeed, xi ∈ a(M) or xi ∈ a(M/qi+1M). Therefore

yua = x2
i b+ c ∈ (y1, . . . , yv−1, xλ | λ ∈ Λ)M + qiqi+1M.

The proof is completed.

Step 9. If j > i + 1, then (Eij) is followed from (Aij), (Bij), (Ci+1,j), (Dij)
and (Ei+1,j).

Proof. In the same way as Step 3, we may assume that ni = · · · = nj = 1. Let a
be an element of the left hand side of (3.1.5). By applying (Ei+1,j), we have

a ∈ [(y1, . . . , yv−1, xi, xλ | λ ∈ Λ)M + q2
i+1 · · · qjM ] : yvyu

= [(y1, . . . , yv−1, xi, xλ | λ ∈ Λ)M + q2
i+1 · · · qjM ] : yu.

Therefore

yua ∈ [(y1, . . . , yv−1, xλ | λ ∈ Λ)M + qi · · · qjM ] : yv

∩ [(y1, . . . , yv−1, xi, xλ | λ ∈ Λ)M + q
2
i+1 · · · qjM ]

= (y1, . . . , yv−1, xλ | λ ∈ Λ)M + q
2
i+1 · · · qjM

+ [(y1, . . . , yv−1, xλ | λ ∈ Λ)M + qi · · · qjM ] : yv ∩ xiM
= (y1, . . . , yv−1, xλ | λ ∈ Λ)M + q2

i+1 · · · qjM
+ xi{[(y1, . . . , yv−1, xλ | λ ∈ Λ)M + qi+1 · · · qjM ] : yv}.
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Here we used (Dij) to show the second equation. We put yua = xib+ c with

b ∈ [(y1, . . . , yv−1, xλ | λ ∈ Λ)M + qi+1 · · · qjM ] : yv

and

c ∈ (y1, . . . , yv−1, xλ | λ ∈ Λ)M + q2
i+1 · · · qjM.

By applying (Ci+1,j) to a subsystem of parameters y1, . . . , yv−1, yu, {xλ | λ ∈ Λ},
xi for M/qi+1M , we obtain

b ∈ [(y1, . . . , yv−1, yu, xλ | λ ∈ Λ)M + q
2
i+1 · · · qjM ] : xi

⊆ (y1, . . . , yv−1, yu, xλ | λ ∈ Λ)M : xi + qi+1 · · · qjM.

Therefore

b ∈ [(y1, . . . , yv−1, xλ | λ ∈ Λ)M + qi+1 · · · qjM ] : yv
∩ [(y1, . . . , yv−1, yu, xλ | λ ∈ Λ)M : xi + qi+1 · · · qjM ]

= [(y1, . . . , yv−1, xλ | λ ∈ Λ)M + qi+1 · · · qjM ] : yv
∩ (y1, . . . , yv−1, yu, xλ | λ ∈ Λ)M : xi

+ qi+1 · · · qjM.

Since j ≥ i+ 2, we have

[(y1, . . . , yv−1, xλ | λ ∈ Λ)M + qi+1 · · · qjM ] : yv
⊆ (y1, . . . , yv−1, xλ | λ ∈ Λ)M : yv + qi+2M

by using (Ci+1,j). Furthermore, we obtain

(y1, . . . , yv−1, xλ | λ ∈ Λ)M : yv ⊆ (y1, . . . , yv−1, xλ | λ ∈ Λ)M : yvxi
= (y1, . . . , yv−1, xλ | λ ∈ Λ)M : xi
⊆ (y1, . . . , yv−1, yu, xλ | λ ∈ Λ)M : xi

(3.1.9)

by using (2.9.2). Therefore

(y1, . . . , yv−1, yu, xλ | λ ∈ Λ)M : xi ∩ [(y1, . . . , yv−1, xλ | λ ∈ Λ)M : yv + qi+2M ]

= (y1, . . . , yv−1, xλ | λ ∈ Λ)M : yv
+ (y1, . . . , yv−1, yu, xλ | λ ∈ Λ)M : xi ∩ qi+2M

⊆ (y1, . . . , yv−1, xλ | λ ∈ Λ)M : yv + yuM.

Here we applied Lemma 2.2 to a d-sequence xi, . . . , xd on

M/(y1, . . . , yv−1, yu, xλ | λ ∈ Λ)M.
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Thus

b ∈ [(y1, . . . , yv−1, xλ | λ ∈ Λ)M + qi+1 · · · qjM ] : yv
∩ [(y1, . . . , yv−1, xλ | λ ∈ Λ)M : yv + qi+2M ]

∩ (y1, . . . , yv−1, yu, xλ | λ ∈ Λ)M : xi
+ qi+1 · · · qjM
⊆ [(y1, . . . , yv−1, xλ | λ ∈ Λ)M + qi+1 · · · qjM ] : yv
∩ [(y1, . . . , yv−1, xλ | λ ∈ Λ)M : yv + yuM ]

+ qi+1 · · · qjM
= [(y1, . . . , yv−1, xλ | λ ∈ Λ)M + qi+1 · · · qjM ] : yv ∩ yuM

+ (y1, . . . , yv−1, xλ | λ ∈ Λ)M : yv
+ qi+1 · · · qjM

= yu{[(y1, . . . , yv−1, xλ | λ ∈ Λ)M + qi+1 · · · qjM ] : yvyu}
+ (y1, . . . , yv−1, xλ | λ ∈ Λ)M : yv
+ qi+1 · · · qjM

= (y1, . . . , yv−1, xλ | λ ∈ Λ)M : yv + qi+1 · · · qjM.

Here we used (Ei+1,j) to show the last equation. Thus we have

yua = xib+ c ∈ (y1, . . . , yv−1, xλ | λ ∈ Λ)M + qi · · · qjM,

where we used (3.1.9) again. The opposite inclusion is obvious.

Thus we finish the proof of Theorem 3.1.
The following corollary immediately comes from Theorem 3.1. We, however, can

easily prove it if j = i+ 1. See [21, Lemma 5.4].

Corollary 3.2. With the same notation as Theorem 3.1, we have

[(y1, . . . , yu)M + q
ni
i · · · q

nj
j M ] : xni−1

i−1 = [(y1, . . . , yu)M + q
ni
i · · · q

nj
j M ] : qi−1

for any positive integers 2 ≤ i ≤ j ≤ d, ni−1, . . . , nj and a subsystem of parameters
y1, . . . , yu for M/qi−1M .

Proof. We may assume that ni−1 = 1 by using (Eij). Then we have

[(y1, . . . , yu)M + q
ni
i · · · q

nj
j M ] : xi−1 ⊆ (y1, . . . , yu)M : xi−1 + q

ni−1
i · · · qnjj M

by applying (Cij) to a subsystem of parameters y1, . . . , yu, xi−1 for M/qiM . Since
xi−1, . . . , xd is a d-sequence on M/(y1, . . . , yu)M ,

(y1, . . . , yu)M : xi−1 ⊆ (y1, . . . , yu)M : qi−1.

Therefore

qi−1{[(y1, . . . , yu)M + q
ni
i · · · q

nj
j M ] : xi−1} ⊆ (y1, . . . , yu)M + q

ni
i · · · q

nj
j M.

The opposite inclusion is obvious.

We also need the following corollary for our Macaulayfication.

Corollary 3.3. With the same notation as Theorem 3.1, we let k be an integer
such that 1 ≤ k ≤ d and y1, . . . , yu a subsystem of parameters for M/qkM . If

[(y1, . . . , yu−1)M + qkM ] : yu = (y1, . . . , yu−1)M + qkM,
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then

(y1, . . . , yu−1)M : yu = (y1, . . . , yu−1)M(3.3.1)

and

(3.3.2) [(y1, . . . , yu−1, xλ | λ ∈ Λ)M + q
ni
i · · · q

nj
j M ] : yu

= (y1, . . . , yu−1, xλ | λ ∈ Λ)M + q
ni
i · · · q

nj
j M

for any positive integers k ≤ i ≤ j, ni, . . . , nj and Λ ⊆ {k, . . . , i− 1}.

Proof. First we show that

(y1, . . . , yu−1, xλ | λ ∈ Λ)M : yu = (y1, . . . , yu−1, xλ | λ ∈ Λ)M(3.3.3)

for any Λ ⊆ {k, . . . , d}. We work by descending induction on the number of elements
in Λ. If Λ = {k, . . . , d}, then there is nothing to prove. Assume that Λ 6= {k, . . . , d}
and let l be the largest element of {k, . . . , d} \ Λ. Let a be an element of the left
hand side of (3.3.3). Then

a ∈ (y1, . . . , yu−1, xl, xλ | λ ∈ Λ)M : yu
= (y1, . . . , yu−1, xl, xλ | λ ∈ Λ)M

by the induction hypothesis. We put a = xlb+ c with

c ∈ (y1, . . . , yu−1, xλ | λ ∈ Λ)M.

Since xl ∈ a(M/ql+1M) or xl ∈ a(M),

b ∈ (y1, . . . , yu−1, xλ | λ ∈ Λ)M : yuxl
= (y1, . . . , yu−1, xλ | λ ∈ Λ)M : xl.

Therefore we have a ∈ (y1, . . . , yu−1, xλ | λ ∈ Λ)M . By letting Λ = ∅, we obtain
(3.3.1).

Next we prove (3.3.2) by descending induction on i. We may assume that ni =
· · · = nj = 1 by using (Bij) of Theorem 3.1 and (3.3.1). In the case of i = j, (3.3.2)
is included in (3.3.3).

Assume that i < j and let a be an element of the left hand side of (3.3.2). By
the induction hypothesis, we have

a ∈ [(y1, . . . , yu−1, xi, xλ | λ ∈ Λ)M + q2
i+1 · · · qjM ] : yu

= (y1, . . . , yu−1, xi, xλ | λ ∈ Λ)M + q2
i+1 · · · qjM.

Therefore

a ∈ [(y1, . . . , yu−1, xλ | λ ∈ Λ)M + qi · · · qjM ] : yu

∩ [(y1, . . . , yu−1, xi, xλ | λ ∈ Λ)M + q2
i+1 · · · qjM ]

= [(y1, . . . , yu−1, xλ | λ ∈ Λ)M + qi · · · qjM ] : yu ∩ xiM
+ (y1, . . . , yu−1, xλ | λ ∈ Λ)M + q2

i+1 · · · qjM
= xi{[(y1, . . . , yu−1, xλ | λ ∈ Λ)M + qi+1 · · · qjM ] : yu}

+ (y1, . . . , yu−1, xλ | λ ∈ Λ)M + q2
i+1 · · · qjM

= (y1, . . . , yu−1, xλ | λ ∈ Λ)M + qi · · · qjM.

Here we used (Dij) of Theorem 3.1 and the induction hypothesis to show the second
and the last equations, respectively.
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4. Macaulayfication of Affine schemes

In this section, we construct a Macaulayfication of the affine scheme X = SpecA
if A possesses a dualizing complex and is equidimensional. In this case the non-
Cohen-Macaulay locus V of X is closed and A has a p-standard system of param-
eters of type s where s is an arbitrary integer such that dim V ≤ s < dimX .

Let b be an ideal of A and M an A-module. We agree that R (b) denotes the
Rees algebra

⊕
n≥0 bn and RM (b) denotes the R (b)-module

⊕
n≥0 bnM .

Theorem 4.1. Let M be a finitely generated A-module of dimension d > 0 and
x1, . . . , xd a p-standard system of parameters of type s for M . Let

qi = (xi, . . . , xd);
bs,i = qi · · · qs+1;

Ys,i = ProjR (bs,i)

and Fs,i be the coherent sheaf [RM (bs,i)]˜ on Ys,i for all 1 ≤ i ≤ s+ 1. Then

depth(Fs,t)p ≥ d− t+ 1 for all closed points p on Ys,t(4.1.1)

for all 1 ≤ t ≤ s+ 1. In particular, Fs,1 is Cohen-Macaulay.
Furthermore, if M/qtM is Cohen-Macaulay for some 1 < t ≤ s+ 1, then Fs,t is

already Cohen-Macaulay.

Corollary 4.2. We assume that A is equidimensional and d = dimA > 0. Let
x1, . . . , xd be a p-standard system of parameters of type s for A and put

qi = (xi, . . . , xd);
bs,i = qi · · · qs+1;

Ys,i = ProjR (bs,i)

for all 1 ≤ i ≤ s+ 1. Then the blowing-up fs,1 : Ys,1 → X = SpecA is a Macaulay-
fication of X.

If A/qt is a Cohen-Macaulay ring for some 1 < t ≤ s + 1, then the blowing-up
fs,t : Ys,t → X is a Macaulayfication of X.

With notation above we obtain the sequence of blowing-ups, mentioned in Sec-
tion 1,

Ys,1
gs,1−−−−→ Ys,2

gs,2−−−−→ · · · gs,s−1−−−−→ Ys,s
gs,s−−−−→ Ys,s+1

fs,s+1−−−−→ X

where the center of fs,s+1 is qs+1OX and the one of gs,i is qiOYs,i+1 for all i ≤ s.
See [19, pp. 132–133]. Furthermore, qiOYs,i is invertible.

To prove Theorem 4.1, we show the following lemma by induction on t.

Lemma 4.3. Let xt, . . . , xd be a subsystem of parameters for M , where 1 ≤ t <
d = dimM . We fix an integer s such that t− 1 ≤ s < d and put

qi = (xi, . . . , xd);
bi = qi · · · qs+1;

Yi = ProjR (bi)

for all t ≤ i ≤ s+ 1. Let Fi be the coherent sheaf [RM (bi)]˜ on Yi for all t ≤ i ≤
s+ 1. If the subsystem of parameters satisfies the following three conditions:

1. the sequence xi, . . . , xd is a d-sequence on M/(xnλλ | λ ∈ Λ)M for any positive
integers t ≤ i < s+ 1, nt, . . . , ni−1 and Λ ⊆ {t, . . . , i− 1};
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2. the sequence xs+1, . . . , xd is a d+-sequence on M/(xnλλ | λ ∈ Λ)M for any
positive integers nt, . . . , ns and Λ ⊆ {t, . . . , s};

3. the equality

[(xnλλ | λ ∈ Λ)M + b
ni
i M ] : xni−1

i−1 = [(xnλλ | λ ∈ Λ)M + b
ni
i M ] : qi−1

holds for any positive integers t + 1 ≤ i ≤ s + 1, nt, . . . , ni and Λ ⊆
{t, . . . , i− 2},

then

depth(Ft)p ≥ d− t+ 1 for all closed points p on Yt.(4.3.1)

It should be mentioned that the first and the third conditions say nothing if
t = s+ 1.

Proof. First we note that (Fi)p 6= 0 and dim(Fi)p = dimM for all closed points p
on Yi and t ≤ i ≤ s + 1. Indeed, let p be an associated prime ideal of M such
that dimA/p = dimM . Then p∗ =

⊕
n≥0 p ∩ bni is an associated prime ideal

of RM (bi): See [31, Proposition 1.1 (iii)]. Since xi, . . . , xd is a subsystem of
parameters for A/p, and hence is analytically independent on A/p, mbni contains
p ∩ bni for all n ≥ 0. That is, all closed points on Yi contain p∗. Furthermore
dimRM (bi) = dimR (bi)/p∗ = dimA/p + 1 [31, Corollary 1.6].

Assume that t = s+ 1 and let R = R (bs+1). Then bs+1 = qs+1 is generated by
a d+-sequence on M of length d − s. We find that, for all 0 ≤ i ≤ d − s, the ith

local cohomology module of RM (bs+1) with respect to qs+1R +R+ is annihilated
by some power of R+ by [15, Proposition 4.9], whose brief proof is included in
Appendix A. By passing through the completion of A and using [8, Satz 1], we
obtain (4.3.1).

We note that we can obtain (4.3.1) without the theory of d+-sequences if s =
d− 1. Indeed, it is easy to see Yd ∼= SpecA/H0

xd(A) and Fd = (M/H0
xd(M))˜ .

Next we assume that t ≤ s. Then Yt is the blowing-up of Yt+1 with respect to
qtOYt+1 . Let q be a closed point on Yt and p its image on Yt+1 under the blowing-up
Yt → Yt+1. Then p is also a closed point. Let B = OYt+1,p, N = (Ft+1)p and n be
the maximal ideal of B. Since qs+1OYt+1 is invertible, qs+1B is generated by xi for
some t + 1 ≤ i ≤ d. In this case xi is a regular element on B and on N . Thus we
have the expression of OYt,q and (Ft)q:

OYt,q = B[xi/xt](n,f(xi/xt)), (Ft)q =

[⋃
n>0

(xt, xi)nN
xnt

]
(n,f(xi/xt))

(4.3.2)

or

OYt,q = B[xt/xi](n,f(xt/xi)), (Ft)q =

[⋃
n>0

(xt, xi)nN
xni

]
(n,f(xt/xi))

(4.3.3)

where f is a monic polynomial with coefficient in B.
We compute the local cohomology Hp

qt(N) of N with respect to qt. Since qtB =
(xi, xt)B, Hq

qt(N) = 0 if q > 2. FurthermoreH0
qt

(N) = 0 because xi is regular onN .

Let F (l)
t+1 be the coherent sheaf [RM/xltM

(bt+1)]˜ on Yt+1 and N (l) = (F (l)
t+1)p.

Then the induction hypothesis says that

depthN, depthN (l) ≥ d− t.
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There exists a short exact sequence

0→
⊕
n>0

bnt+1M : xlt
bnt+1M + 0: Mxlt

xlt−→
⊕
n>0

bnt+1M

xltb
n
t+1M

→
⊕
n>0

bnt+1M + xltM

xltM
→ 0.(4.3.4)

The left hand side of (4.3.4) is annihilated by qt because of (3). On the other hand,
xi is regular on the right hand side of (4.3.4). Indeed, if i ≤ s, then xi, . . . , xd is
a d-sequence on M/xltM and hence

xltM : xi ∩ [xltM + b
n
t+1M ] ⊆ xltM : xi ∩ (xlt, xi, . . . , xd)M = xltM.

If i ≥ s+ 1, then xs+1, . . . , xd is a d+-sequence on M/xltM . Therefore

xltM : xi ∩ [xltM + b
n
t+1M ] ⊆ xltM : xi ∩ (xlt, xs+1, . . . , xd)M = xltM.

By taking local cohomology with respect to xi of (4.3.4), we obtain

H1
xi

(⊕
n>0

bnt+1M

xltb
n
t+1M

)
= H1

xi

(⊕
n>0

bnt+1M + xltM

xltM

)
(4.3.5)

and

H0
xi

(⊕
n>0

bnt+1M

xltb
n
t+1M

)
=
⊕
n>0

bnt+1M : xlt
bnt+1M + 0: Mxlt

.(4.3.6)

Taking localization of (4.3.5) at p, we have

H1
xi(N/x

l
tN) = H1

xi(N
(l)) = inj lim

m
N (l)/xmi N

(l).

The spectral sequence Epq2 = Hp
xiH

q
xt(−) ⇒ Hn

(xt,xi)
(−) induces a short exact

sequence

0→ H1
xiH

p−1
xt (−)→ Hp

(xt,xi)
(−)→ H0

xiH
p
xt(−)→ 0.(4.3.7)

Hence

H2
qt

(N) = H1
xiH

1
xt(N)

= H1
xi(inj lim

l
N/xltN)

= inj lim
l

H1
xi(N/x

l
tN)

= inj lim
l

H1
xi(N

(l))

= inj lim
m,l

N (l)/xmi N
(l).

Since xi is regular on N (l) and depthN (l) ≥ d− t,
Hp

nH
2
qt

(N) = inj lim
m,l

Hp
n(N (l)/xmi N

(l)) = 0

for p < d− t− 1.
Next we compute H1

qt
(N). Since xt, . . . , xd is a d-sequence,

0 : Mxt ∩ bnt+1M ⊆ 0: Mxt ∩ qtM = 0

if n > 0. Therefore xt is regular on
⊕

n>0 bnt+1M and hence on N , that is H0
xt(N) =

0. From (4.3.7), we have

H1
qt

(N) = H0
xiH

1
xt(N) = inj lim

l
H0
xi(N/x

l
tN).
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Taking localization and direct limit of (4.3.6), we find that qtH
1
qt

(N) = 0.
We consider the spectral sequence Epq2 = Hp

nH
q
qt(N) ⇒ Hn

n (N). We already
know that Epq2 = 0 if q > 2 or q = 0 and that Ep22 = 0 if p < d − t − 1. Since
depthN ≥ d− t, Ep12 = Hp+1

n (N) = 0 for p < d− t− 1. Thus we obtain that

Hp
nH

q
qt

(N) = 0 if q 6= 1, 2 or p < d− t− 1

and

qtH
1
qt

(N) = 0.

By using this, we compute the depth of (Ft)q. We assume that it has the
expression (4.3.2). Let L = N [T ]/(xtT −xi)N [T ], where T is an indeterminate and
N [T ] = B[T ]⊗N . Then ⋃

n>0

(xt, xi)nN
xnt

∼= L/H0
xt(L).

Taking local cohomology with respect to qt of the short exact sequence

0→ N [T ] xtT−xi−→ N [T ]→ L→ 0,

we obtain an exact sequence

0→ H1
qt

(N [T ])→ H1
qt

(L)→ H2
qt

(N [T ])→ H2
qt

(N [T ])→ 0.

Recall that H1
qt

(N [T ]) = H1
qt

(N)⊗B[T ] is annihilated by qt and hence by xtT −xi.
By using an exact sequence

0→ H1
f(T )H

p−1
n (−)→ Hp

(n,f(T ))(−)→ H0
f(T )H

p
n(−)→ 0,

we get Hp
(n,f(T ))H

q
qt(N [T ]) = 0 if q 6= 1, 2 or p < d − t. Indeed, the monic

polynomial f(T ) is regular on Hp
nH

q
qt(N [T ]) = (Hp

nH
q
qt(N)) ⊗ B[T ]. Hence we

obtain that

Hp
(n,f(T ))H

1
qt

(L) = 0 for p < d− t.

Taking local cohomology with respect to qtB[T ] = (xt, xtT − xi)B[T ] of a short
exact sequence,

0→ H0
xt(L)→ L→ L/H0

xt(L)→ 0,

we have

H1
qt

(L/H0
xt(L)) ∼= H1

qt
(L),

that is,

Hp
(n,f(T ))H

1
qt

(L/H0
xt(L)) = 0 for p < d− t.

Of course, Hq
qt(L/H0

xt(L)) = 0 if q 6= 1. The spectral sequence

Epq2 = Hp
(n,f(T ))H

q
qt

(L/H0
xt(L))⇒ Hn

(n,f(T ))(L/H
0
xt(L))

says that depth(Ft)q ≥ d − t + 1. In the case of (4.3.3), we can also show that
depth(Ft)q ≥ d− t+ 1. The proof is completed.

Now we return to Theorem 4.1.
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Proof of Theorem 4.1. Because of Proposition 2.8, Corollaries 2.10 and 3.2, the
subsystem of parameters xt, . . . , xd satisfies the assumption of Lemma 4.3 for any
1 ≤ t ≤ s+ 1. Hence we obtain (4.1.1).

Next we assume that t ≥ 2 and that M/qtM is Cohen-Macaulay, that is, x1, . . . ,
xt−1 is a regular sequence on M/qtM . Corollary 3.3 says that x1, . . . , xt−1 is a reg-
ular sequence on M/bns,tM for any n > 0 and M itself. Taking Koszul cohomology
of the short exact sequence

0→ RM (bs,t)→
⊕
n≥0

Mn →
⊕
n>0

M/bns,tM → 0

where Mn denotes a copy of M , with respect to x1, . . . , xt−1, we obtain that

Ht−1(x1, . . . , xt−1;RM (bs,t)) = RM/(x1,...,xt−1)M (bs,t)

and

H i(x1, . . . , xt−1;RM (bs,t)) = 0 for all i < t− 1.

Let F ′s,t = [RM/(x1,...,xt−1)M (bs,t)]˜ and p be a closed point on Ys,t. Two equations
above mean that x1, . . . , xt−1 is a regular sequence on (Fs,t)p and

(F ′s,t)p = (Fs,t)p/(x1, . . . , xt−1)(Fs,t)p.

Lemma 4.3 also assures us that depth(F ′s,t)p ≥ d− t+ 1. Therefore Fs,t is Cohen-
Macaulay. The proof of Theorem 4.1 is completed.

Proof of Corollary 4.2. We already know the depth of Ys,t at each closed point.
Since dimA/bs,t = s < dimA, there exists no minimal prime ideal of A contain-
ing bs,t. Therefore fs,t is birational. Of course, the projective morphism fs,t is
proper. Thus the proof is completed.

Next we consider an R
(
b2
s,i+1

)
-module Rbs,i+1[bs,i+1M : xi]

(
b2
s,i+1

)
when s > 0.

It is well-known that Ys,i+1
∼= ProjR

(
b2
s,i+1

)
. We identify them.

Lemma 4.4. With the same notation as Theorem 4.1, let Gs,i be the coherent sheaf
[Rbs,i+1[bs,i+1M : xi]

(
b2
s,i+1

)
]˜ on Ys,i+1 for all 1 ≤ i ≤ s. Then

depth(Gs,t)p ≥ d− t+ 1 for all closed points p on Ys,t+1(4.4.1)

for all 1 ≤ t ≤ s. In particular Gs,1 is Cohen-Macaulay.

Proof. We first show that xt, xt+1 is a regular sequence on b
2n−1
s,t+1[bs,t+1M : xt] for

all n > 0. Indeed,

0 : Mxt ∩ b
2n−1
s,t+1[bs,t+1M : xt] ⊆ 0: Mxt ∩ qtM = 0.

Let a be an element of b
2n−1
s,t+1[bs,t+1M : xt] such that

xt+1a ∈ xtb2n−1
s,t+1[bs,t+1M : xt].

Then xta ∈ x2
tM : xt+1 ∩ b2n

s,t+1M ⊂ x2
tM because xt+1, . . . , xd is a d-sequence

on M/x2
tM . Let xta = x2

t b. Then

b ∈ b2n
s,t+1M : x2

t = b
2n−1
s,t+1[bs,t+1M : xt] + 0: Mxt
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because of Theorem 3.1. Hence

a ∈ {xtb2n−1
s,t+1[bs,t+1M : xt] + 0: Mxt} ∩ b

2n−1
s,t+1M

= xtb
2n−1
s,t+1[bs,t+1M : xt] + 0: Mxt ∩ b

2n−1
s,t+1M

= xtb
2n−1
s,t+1[bs,t+1M : xt].

Next we consider the short exact sequence of R
(
b2
s,t+1

)
-modules

0→
⊕
n>0

b2n
s,t+1M →

⊕
n>0

b
2n−1
s,t+1[bs,t+1M : xt]→

⊕
n>0

b
2n−1
s,t+1[bs,t+1M : xt]

b2n
s,t+1M

→ 0.

(4.4.2)

Since the right hand side of (4.4.2) is annihilated by qt and xt, xt+1 is a regular
sequence on the middle term of (4.4.2), we obtain that

Hq
qt

(⊕
n>0

b
2n−1
s,t+1[bs,t+1M : xt]

)
=

{
Hq

qt(
⊕

n>0 b2n
s,t+1M) if q ≥ 2;

0 if q = 0 or 1.

Let p be a closed point on Ys,t+1. Then by taking localization of the equation above
at p, we have

Hq
qt

((Gs,t)p) =

{
Hq

qt((Fs,t+1)p) if q ≥ 2;
0 if q = 0 or 1.

We know that Hq
qt((Fs,t+1)p) = 0 for q > 2 and Hp

nH
2
qt

((Fs,t+1)p) = 0 for all
p < d− t− 1. Here n denotes the maximal ideal of OYs,t+1,p. The spectral sequence
Epq2 = Hp

nH
q
qt(−)⇒ Hn

n (−) says (4.4.1).

Corollary 4.5. With the same notation as Corollary 4.2, we put

Zs,i = ProjR (bs,i+1[bs,i+1 : xi])

for all 1 ≤ i ≤ s. Then

depthOZs,t,p ≥ d− t+ 1 for all closed points p on Zs,t(4.5.1)

for all 1 ≤ t ≤ s. In particular the blowing-up Zs,1 → X is a Macaulayfication
of X.

The schemes Zs,s and Zs,s−1 were essentially given by Brodmann [4, Satz 9.2]
and the author [21, Theorem 5.6], respectively.

Proof. Since

bns,t+1[bs,t+1 : xt]n ⊆ bns,t+1[bns,t+1 : xnt ] ⊆ b
2n−1
s,t+1[bs,t+1 : xt]

for all n > 0, b2
s,t+1 is a reduction of bs,t+1[bs,t+1 : xt]. Hence we obtain a finite

morphism hs,t : Zs,t → Ys,t+1. Let p be a closed point on Ys,t+1. Then Lemma 4.4
assures us that depth((hs,t)∗OZs,t)p ≥ d− t+ 1. Hence we obtain (4.5.1). We can
show that the blowing-up Zs,t → X is birational in the same way as Corollary 4.2.

These Macaulayfications are different from each other. We find it by comparing
the height and the analytic spread [23] of centers.

Lemma 4.6. With the same notation as Corollary 4.2, the analytic spread of bs,i

is equal to d− i+ 1 for all 1 ≤ i ≤ s+ 1. Furthermore, the one of bs,i+1[bs,i+1 : xi]
is equal to d− i for all 1 ≤ i ≤ s.
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Proof. The ideal bs,i is generated by monomials of xi, . . . , xd of degree s− i + 2.
Since xi, . . . , xd is analytically independent,

length(qni /mq
n
i ) ≤ length(bns,i/mb

n
s,i) ≤ length(qn(s−i+2)

i /mq
n(s−i+2)
i )

for all n > 0. Thus the first assertion is proved.
Since b2

s,i+1 is a reduction of bs,i+1[bs,i+1 : xi], they have the same analytic
spread.

5. Macaulayfication of Noetherian schemes

We prove Theorem 1.1 in this section. First we consider a Macaulayfication of
quasi-projective schemes.

Theorem 5.1. Let A be a Noetherian ring possessing a dualizing complex and X
a quasi-projective scheme over A. Then there exists a proper morphism f : Y → X
with an open dense subset U of X such that

1. Y is Cohen-Macaulay;
2. f−1(U) is dense in Y ;
3. f |f−1(U) : f−1(U)→ U is an isomorphism.

That is, f is a Macaulayfication of X.
If finitely many Cohen-Macaulay points p1, . . . , pn on X are given, then we may

choose f and Y such that
4. U contains p1, . . . , pn.

Since a quasi-projective scheme is an open dense subscheme of a projective
scheme, we may consider only projective schemes without loss of generality. Let
R =

⊕
n≥0Rn be a Noetherian graded ring such that R0 has a dualizing com-

plex and R is generated by R1 as an R0-algebra. We give a Macaulayfication of
X = ProjR. Of course, we assume that X is not Cohen-Macaulay and let V be
the non-Cohen-Macaulay locus of X .

In this case R possesses a dualizing complex D• with codimension function t as
a graded ring.

The following lemma is an analogue of Lemma 2.4 and can be proved by the
local duality theorem.

Lemma 5.2. Let M be a finitely generated graded R-module and p a homogeneous
prime ideal of R.

1. If p ⊇
∏
j>i annHj(Hom(M,D•)), then t(p) > i;

2. Assume that t(q) = 0 for all minimal prime ideals q of R. Then Mp is
Cohen-Macaulay if and only if p 6⊇

∏
j>0 annHj(Hom(M,D•)).

Since ProjR/H0
R+

(R) ∼= X , we may assume that H0
R+

(R) = 0. Furthermore,
we may assume that t is constant on the associated prime ideals of R. Indeed, let
(0) = q1 ∩ · · · ∩ qn be the primary decomposition of the zero ideal of R. Of course,
qi is homogeneous. For any integer i, let ri be the intersection of qj such that qj is
an isolated component and t(√qj) = i. Then

g :
∐
i

ProjR/ri → X

is birational and proper. Indeed, ri = R for all but finitely many i, hence g is a
finite morphism. On the other hand, g is an isomorphism on the Cohen-Macaulay
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locus X \ V of X because a Cohen-Macaulay local ring is equidimensional and has
no embedded prime ideal. If each ProjR/ri has a Macaulayfication, then X also
has a Macaulayfication. Therefore we assume that t(p) = 0 for all associated prime
ideals p. In this case t(p) = ht p for any prime ideal.

Since X has a dualizing complex, dimX <∞. Let d = dimX and s be an integer
such that d−codim(V,X) ≤ s < d. It should be mentioned that d−codim(V,X) 6=
dimV in general.

The following lemma is an easy consequence of prime avoidance. See the proof
of Theorem 2.7.

Lemma 5.3. With notation above, there exists a sequence z1, . . . , zd of homoge-
neous elements in R satisfying the following statements:

1. if p is a minimal prime ideal of R/(zi, . . . , zd)R but not containing R+, then
ht p = d− i+ 1;

2. zs+1, . . . , zd ∈
∏
j>0 annHj(D•);

3. zi ∈
∏
j>d−i annHj(Hom(R/(zi+1, . . . , zd)R,D•) for all i ≤ s.

Let b =
∏s+1
i=1 (zi, . . . , zd) where z1, . . . , zd is a sequence obtained above and

f : Y → X be the blowing-up of X with respect to b˜ . We show that f is a
Macaulayfication of X . Since no minimal prime ideal of R contains zd and hence
b, f is birational and proper.

Let q be a closed point on Y and p ⊂ R its image under f . If b 6⊆ p, then∏
j>0 annHj(D•) 6⊆ p. Hence OY,q ∼= R(p) is Cohen-Macaulay.
Assume that b ⊆ p. Then zt, . . . , zd ∈ p and zt−1 /∈ p for some 1 ≤ t ≤ s + 1,

where we set z0 = 1. Choose an element y ∈ R1 \ p and let xi = zi/y
deg zi . Then

1. dimR(p)/(xt, . . . , xd)R(p) = dimR(p) − (d− t+ 1);
2. xs+1, . . . , xd ∈ a(R(p));
3. xi ∈ a(R(p)/(xi+1, . . . , xd)R(p)) for all t ≤ i ≤ s.
4. a(R(p)/(xt, . . . , xd)R(p)) = R(p) if t > 1.

Hence xt, . . . , xd is a subsystem of p-standard system of parameters for R(p) and
R(p)/(xt, . . . , xd)R(p) is a Cohen-Macaulay ring if t > 1. Since

bR(p) =
s+1∏
i=t

(xi, . . . , xd)R(p),

Corollary 4.2 says that OY,q is Cohen-Macaulay.
Let p1, . . . , pn be finitely many Cohen-Macaulay points on X . Then we may

choose zd such that zd /∈ p1∪ · · · ∪ pn. Thus the proof of Theorem 5.1 is completed.

Proof of Theorem 1.1. Let A be a Noetherian ring possessing a dualizing complex
and X a separated, of finite type scheme over SpecA. By using Chow’s Lemma [16,
Théorème 5.6.1], we obtain a birational proper morphism X ′ → X such that X ′ is
a quasi-projective scheme over SpecA. Theorem 5.1 assures us that there exists a
Macaulayfication Y → X ′ of X ′. The composition Y → X ′ → X is a Macaulayfi-
cation of X .
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6. Sharp’s conjecture

We divide Theorem 1.2 into two statements.

Theorem 6.1. Let A be a Noetherian ring possessing a dualizing complex with
codimension function t. If

1. t(p)− ht p is locally constant on SpecA;
2. A has no embedding prime ideal,

then A is a homomorphic image of finite-dimensional Gorenstein ring.

Of course, an integral domain satisfies conditions (1) and (2).

Proof. Let D• be a dualizing complex of A. If SpecA is disconnected, then A is
a direct product of Noetherian rings which also satisfy (1) and (2). Therefore we
may assume that SpecA is connected. In this case, condition (1) is equivalent to

1′ Am is equidimensional for all maximal ideals m of A.
We assume that t(p) = ht p for all prime ideals p of A instead of (1).

Let V be the non-Cohen-Macaulay locus of X = SpecA. We work by induc-
tion on s(A) = dimA − codim(V,X). Let d = dimA and s = s(A). It should
be mentioned that a Noetherian ring possessing a dualizing complex is of finite
dimension.

Assume that s > d, that is, A is Cohen-Macaulay and let K = H0(D•). Then the
idealization A nK is a Gorenstein ring and A is its homomorphic image. Indeed,
a prime ideal of A n K has an expression p ⊕ K where p is a prime ideal of A.
Since Kp = H0(D•p) is the canonical module of Ap, [A n K]p⊕K = Ap n Kp is a
Gorenstein local ring [25].

Next we assume that s ≤ d. In the same way as the preceding section, there
exists a sequence x1, . . . , xd of elements in A such that

1. ht(xi, . . . , xd) = d− i+ 1 for all i;
2. xs+1, . . . , xd ∈

∏
j>0 annHj(D•);

3. xi ∈
∏
j>d−i annHj(Hom(A/(xi+1, . . . , xd), D•)) for 1 ≤ i ≤ s.

Let b =
∏s+1
i=1 (xi, . . . , xd) and R = R

(
bd−s−1

)
. Then a finitely generated A-

algebra R has a dualizing complex.
We show that R satisfies (1′). Let M be a maximal ideal of R. Since all minimal

prime ideals are homogeneous, we may assume that M is homogeneous. Let m =
M∩A. Then M = mR+R+. We may assume that A is a local ring with maximal
ideal m by passing though the localization. If b 6⊆ m, then RM

∼= A[T ](m,T ), where T
is an indeterminate, and it is equidimensional. Assume that b ⊆ m. Let p1, . . . , pm

be the associated prime ideals of A and p∗i =
⊕

n≥0 bn(d−s−1)∩pi. Then p∗1, . . . , p∗m
are the associated prime ideals of R and dimR/p∗i = dimA/pi + 1 = d+ 1 for all i.
See Proposition 1.1 and Corollary 1.6 of [31]. In particular, we find dimR = d+ 1.
Proposition 1.1 of [31] also assures us that R satisfies (2).

Next we show that R is Cohen-Macaulay or s(R) < s. Assume that R is not
Cohen-Macaulay and let P be a prime ideal of R such that RP is not Cohen-
Macaulay and ht P = (d+ 1)− s(R). Then P must be homogeneous. By the same
argument as the preceding section, we have P ⊇ bd−s−1R + R+. Let p = P ∩ A.
Then P = pR + R+ and ht P = ht p + 1. Since p ⊇ (xs+1, . . . , xd), the height
of p must be at least d − s. If ht p = d − s, then xs /∈ p. Since xs+1, . . . , xd
is a d+-sequence on Ap, Rp = R

(
(xs+1, . . . , xd)d−s−1Ap

)
is Cohen-Macaulay. See
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[15, Theorem 7.11] or Theorem A.5 in appendix A. It is a contradiction. Hence
s(R) = (d + 1) − ht P = d − ht p < s. In particular, if s = 0, then R must be
Cohen-Macaulay.

The induction hypothesis says that R is a homomorphic image of a finite-
dimensional Gorenstein ring and hence A ∼= R/R+ is also. Thus the proof is
completed.

Corollary 6.2. A Noetherian local ring possessing a dualizing complex is a homo-
morphic image of a Gorenstein local ring.

Proof. Let A be a Noetherian local ring possessing a dualizing complex. By [1,
Lemma 3.1], we may assume that A satisfies Serre’s (S2)-condition. On the other
hand, Ogoma [24, Lemma 4.1] showed that such a ring is equidimensional and has
no embedded prime ideal. Therefore A satisfies the assumption of Theorem 6.1.
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Appendix A. d+
-sequences

In this appendix, we select a few results from [15]. The author would like to
thank Professor Shiro Goto and Professor Kikumichi Yamagishi for permission to
refer to their results.

Let A be a commutative ring, M an A-module and x1, . . . , xs a d+-sequence
on M . We put q = (x1, . . . , xs).

Theorem A.1 ([15, Lemma 2.2]). Assume that s ≥ 2. For any integers n1, . . . ,
ns−1 ≥ 2, we have

(xn1
1 , . . . , x

ns−1
s−1 )M : xs =

∑
Λ⊆{1,...,s−1}

(∏
λ∈Λ

xnλ−1
λ

)
[(xλ | λ ∈ Λ)M : xs].

Here we set (xλ | λ ∈ Λ) = (0) and
∏
λ∈Λ x

nλ−1
λ = 1 if Λ = ∅.

Proof. We work by induction on s. Let a ∈ xn1
1 M : x2 and put x2a = xn1

1 b. Then
b ∈ x2M : xn1

1 = x2M : x1. If we put x1b = x2a
′, then a′ ∈ x1M : x2 and a −

xn1−1
1 a′ ∈ 0: Mx2. Hence a ∈ xn1−1

1 [x1M : x2] + 0: Mx2.
Assume that s > 2. Since xs−1, xs is a d+-sequence on M/(xn1

1 , . . . , x
ns−2
s−2 )M ,

(xn1
1 , . . . , x

ns−1
s−1 )M : xs = x

ns−1−1
s−1 [(xn1

1 , . . . , x
ns−2
s−2 , xs−1)M : xs]

+ (xn1
1 , . . . , x

ns−2
s−2 )M : xs.
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Since x1, . . . , xs−2, xs is a d+-sequence on M/xs−1M and on M itself, we obtain

(xn1
1 , . . . , x

ns−1
s−1 )M : xs

= x
ns−1−1
s−1

 ∑
Λ⊆{1,...,s−2}

(∏
λ∈Λ

xnλ−1
λ

)
[(xs−1, xλ | λ ∈ Λ)M : xs]


+

∑
Λ⊆{1,...,s−2}

(∏
λ∈Λ

xnλ−1
λ

)
[(xλ | λ ∈ Λ)M : xs]

=
∑

Λ⊆{1,...,s−1}

(∏
λ∈Λ

xnλ−1
λ

)
[(xλ | λ ∈ Λ)M : xs]

by the induction hypothesis.

Theorem A.2 ([15, Theorem 2.6]). For any integers 1 ≤ k ≤ s, n ≥ 0 and
n1, . . . , nk ≥ 1, we have

(xn1
1 , . . . , xnkk )M ∩ qnM =

k∑
i=1

xnii qn−niM.(Ak)

Proof. We prove (Ak) and

[(xn1
1 , . . . , x

nk−1
k−1 )M : xk + xkM ] ∩ q

nM

=
k−1∑
i=1

xnii qn−niM + xkq
n−1M

+
∑

Λ⊆{1,...,k−1}∑
λ∈Λ(nλ−1)≥n

(∏
λ∈Λ

xnλ−1
λ

)
[(xλ | λ ∈ Λ)M : xk]

(Bk)

for 1 ≤ k ≤ s by induction on k. Here we set
∑

λ∈Λ(nλ − 1) = 0 if Λ = ∅.
First we show (A1) by induction on n1. Lemma 2.2 says that x1M ∩ qnM =

x1q
n−1M for all n ≥ 0. Assume that n > n1 > 1 and let xn1

1 a ∈ qnM . Then
xn1

1 a ∈ xn1−1
1 M∩qnM = xn1−1

1 qn−n1+1M by the induction hypothesis. Let xn1
1 a =

xn1−1
1 a′ with a′ ∈ qn−n1+1M . Then x1a− a′ ∈ 0: Mx1 ∩ qM = 0, that is, a′ = x1a.

Therefore a′ ∈ x1M ∩ qn−n1+1M = x1q
n−n1M and hence xn1

1 a ∈ xn1
1 qn−n1M . If

n1 ≥ n, then (A1) is trivial.
Next we show (B1). If n = 0, then it is trivial. Assume that n > 0. Let a be

an element of the left hand side. Then x1a ∈ x2
1M ∩ qn+1M = x2

1q
n−1M . If we

put x1a = x2
1b with b ∈ qn−1M , then a − x1b ∈ 0: Mx1 ∩ qnM = 0. Therefore

a ∈ x1q
n−1M .

Assume that k ≥ 2. We show (Bk) by induction on n. If n = 0, then (Bk)
coincides with Theorem A.1. Let n > 0. If ni = 1, then (Bk) comes from (Bk−1)
applied to a d+-sequence x1, . . . , xi−1, xi+1, . . . , xs on M/xiM . For example, if
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n1 = 1, then

[(x1, x
n2
2 , . . . , x

nk−1
k−1 )M : xk + xkM ] ∩ [x1M + qnM ]

= x1M +
k−1∑
i=2

xnii q
n−niM + xkq

nk−1
k M

+
∑

Λ⊆{2,...,k−1}∑
λ∈Λ(nλ−1)≥n

(∏
λ∈Λ

xnλ−1
λ

)
[(x1, xλ | λ ∈ Λ)M : xk].

Taking intersection with qnM , we obtain (B1). Thus we may assume that n1, . . . ,
nk−1 ≥ 2. Let a be an element of the left hand side of (Bk). Since a ∈ qn−1M ,

a ∈ [(xn1
1 , . . . , x

nk−1
k−1 )M : xk + xkM ] ∩ qn−1M

=
k−1∑
i=1

xnii q
n−ni−1M + xkq

n−2M

+
∑

Λ⊆{1,...,k−1}∑
λ∈Λ(nλ−1)≥n−1

(∏
λ∈Λ

xnλ−1
λ

)
[(xλ | λ ∈ Λ)M : xk].

We put

a = b+
∑

Λ⊆{1,...,k−1}∑
λ∈Λ(nλ−1)≥n−1

(∏
λ∈Λ

xnλ−1
λ

)
cΛ

with b ∈
∑k−1

i=1 x
ni
i qn−ni−1M + xkq

n−2M and cΛ ∈ (xλ | λ ∈ Λ)M : xk. If∑
λ∈Λ(nλ − 1) = n − 1, then (

∏
λ∈Λ x

nλ−1
λ )cΛ ∈ (xnλλ | λ ∈ Λ)M . Indeed, by

renumbering x1, . . . , xk−1, we may assume that Λ = {1, . . . , p}. Then

a ∈ qnM ⊂ (xn1
1 , . . . , xnpp , xp+1, . . . , xs)M.

Let Λ′ ⊂ {1, . . . , k − 1} such that
∑
λ∈Λ′(nλ − 1) ≥ n− 1. If Λ′ ( Λ, then∑

λ∈Λ′

(nλ − 1) <
∑
λ∈Λ

(nλ − 1) = n− 1,

which is a contradiction. Therefore if Λ′ 6= Λ, then Λ′ ∩ {p + 1, . . . , k − 1} 6= ∅
and hence (

∏
λ∈Λ′ x

nλ−1
λ )cΛ′ ∈ (xp+1, . . . , xk−1)M . On the other hand, it is easy

to show that (xn1−1
1 · · ·xnp−1

p )cΛ ∈ (xn1
1 , . . . , x

np
p )M : xk. Therefore.

(xn1−1
1 · · ·xnp−1

p )cΛ = a− b−
∑

Λ′ 6=Λ

(∏
λ∈Λ

xnλ−1
λ

)
cΛ′

∈ (xn1
1 , . . . , xnpp )M : xk ∩ (xn1

1 , . . . , xnpp , xp+1, . . . , xs)M

= (xn1
1 , . . . , xnpp )M.
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Here we applied Lemma 2.2 to a d-sequence xn1
1 , . . . , xnpp , xk, xp+1, . . . , xk−1,

xk+1, . . . , xs on M . Thus

a−
∑

∑
λ∈Λ(nλ−1)≥n

(∏
λ∈Λ

xnλ−1
λ

)
cΛ = b +

∑
∑
λ∈Λ(nλ−1)=n−1

(∏
λ∈Λ

xnλ−1
λ

)
cΛ

∈ (xn1
1 , . . . , x

nk−1
k−1 , xk)M ∩ qnM

= (xn1
1 , . . . , x

nk−1
k−1 , xk)M

∩ [qnM + xkM ] ∩ qnM

=

[
k−1∑
i=1

xnii q
n−niM + xkM

]
∩ q

nM

=
k−1∑
i=1

xnii qn−niM + xkq
n−1M.

Here we applied (Ak−1) to a d+-sequence x1, . . . , xk−1, xk+1, . . . , xs on M/xkM .
Thus (Bk) is proved.

Next we show (Ak) by induction on nk. If nk = 1, then we obtain (Ak) by
applying (Ak−1) to a d+-sequence x1, . . . , xk−1, xk+1, . . . , xs on M/xkM . Assume
that nk > 1 and let a ∈ (xn1

1 , . . . , xnkk )M ∩ qnM . Then

a ∈ (xn1
1 , . . . , x

nk−1
k−1 , x

nk−1
k )M ∩ qnM

=
k−1∑
i=1

xnii qn−niM + xnk−1
k qn−nk+1M.

Let a = b+ xnk−1
k c with b ∈

∑k−1
i=1 x

ni
i qn−niM and c ∈ qn−nk+1M . Then

c ∈ (xn1
1 , . . . , xnkk )M : xnk−1

k .

If we put xnk−1
k c = xnkk c′ + d with d ∈ (xn1

1 , . . . , x
nk−1
k−1 )M , then

c− xkc′ ∈ (xn1
1 , . . . , x

nk−1
k−1 )M : xnk−1

k

= (xn1
1 , . . . , x

nk−1
k−1 )M : xk.

Therefore

c ∈ (xn1
1 , . . . , x

nk−1
k−1 )M : xk + xkM.

By using (Bk), we obtain

c ∈ [(xn1
1 , . . . , x

nk−1
k−1 )M : xk + xkM ] ∩ qn−nk+1M

=
k−1∑
i=1

xnii qn−nk−ni+1M + xkq
n−nkM

+
∑

Λ⊆{1,...,k−1}∑
λ∈Λ(nλ−1)≥n−nk+1

(∏
λ∈Λ

xnλ−1
λ

)
[(xλ | λ ∈ Λ)M : xk]

and hence a = b+ xnk−1
k c ∈

∑k
i=1 x

ni
i qn−niM .
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From now on, we assume that x1, . . . , xs is a d+-sequence on A itself. Theorems
A.3–A.5 still hold if A is not Noetherian. We, however, assume that A is Noetherian
for the sake of simplicity. We compute local cohomology modules of the Rees algebra
R(q) = A[qt], where t is an indeterminate. Let G(q) = R(q)/qR(q).

Theorem A.3 ([15, Proposition 4.3]). If p < s, then

[Hp
qt(G(q))]n = 0 for n 6= −p.(A.3.1)

In particular H0
qt(G(q)) = [H0

qt(G(q))]0 ∼= 0: Ax1.

Proof. We show that

[Hp
(x1t,...,xqt)

(G(q))]n = 0 if p < q and n 6= −p

for all 1 ≤ q ≤ s by induction on q. Let atn ∈ H0
x1t(G(q)), that is, a ∈ qn and

xl1a ∈ qn+l+1 for some l > 0. Then xl1a ∈ (xl1) ∩ qn+l+1 = xl1q
n+1. Let xl1a = xl1a

′

with a′ ∈ qn+1. If n > 0, then a − a′ ∈ 0: Ax1 ∩ q = 0, that is, atn = 0 in
G(q). If n = 0, then a ∈ 0: Ax1 + q. On the other hand, if a ∈ 0: Ax1 + q, then
a ∈ H0

x1t(G(q)). Hence

H0
x1t(G(q)) = (0: x1 + q)/q ∼= 0: x1.

Of course, [H0
x1t(G(q))]n = 0 if n < 0.

Assume that q > 1. From the spectral sequence Ers2 = Hr
xqtH

s
(x1t,...,xq−1t)

(−)⇒
Hn

(x1t,...,xqt)
(−), we obtain an exact sequence

0→ H1
xqtH

p−1
(x1t,...,xq−1t)

(−)→ Hp
(x1t,...,xqt)

(−)→ H0
xqtH

p
(x1t,...,xq−1t)

(−)→ 0.

The induction hypothesis says that xqt annihilates Hp
(x1t,...,xq−1t)

(G(q)) for all p <
q − 1. Therefore, if p < q − 1, then

Hp
(x1t,...,xqt)

(G(q)) = H0
xqtH

p
(x1t,...,xq−1t)

(G(q)) = Hp
(x1t,...,xq−1t)

(G(q))

is concentrated in degree −p. Moreover

Hq−1
(x1t,...,xqt)

(G(q)) = H0
xqtH

q−1
(x1t,...,xq−1t)

(G(q))

= inj lim
m

H0
xqt

(
G(q)

((x1t)m, . . . , (xq−1t)m)G(q)
(m(q − 1))

)
= inj lim

m

⋃
l

((x1t)m, . . . , (xq−1t)m)G(q) : (xqt)l

((x1t)m, . . . , (xq−1t)m)G(q)
(m(q − 1)).

Let atn+m(q−1) ∈ ((x1t)m, . . . , (xq−1t)m)G(q) : (xqt)l, that is, a ∈ qn+m(q−1) and

xlqa ∈ (xm1 , . . . , x
m
q−1)qn+m(q−2)+l + q

n+m(q−1)+l+1.

If we put a = b + c with b ∈ (xm1 , . . . , x
m
q−1)qn+m(q−2)+l and c ∈ qn+m(q−1)+l+1,

then

c ∈ (xm1 , . . . , x
m
q−1, x

l
q) ∩ qn+m(q−1)+l+1

= (xm1 , . . . , x
m
q−1)qn+m(q−2)+l+1 + xlqq

n+m(q−1)+1.

If we put c = b′+xlqa
′ with b′ ∈ (xm1 , . . . , x

m
q−1)qn+m(q−2)+l+1 and a′ ∈ qn+m(q−1)+1,

then atn+m(q−1) = (a− a′)tn+m(q−1). Therefore, by replacing a by a− a′, we may
assume that xlqa ∈ (xm1 , . . . , x

m
q−1)qn+m(q−2)+l. Then

a ∈ (xm1 , . . . , x
m
q−1) : xq ∩ q

n+m(q−1).
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If n > −q + 1, then qn+m(q−1) ⊂ (xm1 , . . . , x
m
q−1, xq, . . . , xs) and hence

a ∈ (xm1 , . . . , x
m
q−1) : xq ∩ (xm1 , . . . , x

m
q−1, xq, . . . , xs) ∩ q

n+m(q−1)

= (xm1 , . . . , x
m
q−1) ∩ q

n+m(q−1)

= (xm1 , . . . , x
m
q−1)qn+m(q−2).

That is, atn+m(q−1) ∈ ((x1t)m, . . . , (xq−1t)m)G(q).
If n < −q + 1, then (m− 1)(q − 1) ≥ n+m(q − 1) + 1. Hence we have

a ∈ (xm1 , . . . , x
m
q−1) : xq

⊆
∑

Λ({1,...,q−1}

(∏
λ∈Λ

xm−1
λ

)
[(xλ | λ ∈ Λ): xq] + q

n+m(q−1)+1

by using Theorem A.1. Therefore

x1 · · ·xq−1a ∈ [(xm+1
1 , . . . , xm+1

q−1 ) + qn+(m+1)(q−1)+1] ∩ qn+(m+1)(q−1)

= (xm+1
1 , . . . , xm+1

q−1 )qn+(m+1)(q−2) + qn+(m+1)(q−1)+1.

Indeed, if k ∈ {1, . . . , q − 1} \ Λ, then

x1 · · ·xq−1[(xλ | λ ∈ Λ): xq] = x1 · · ·xq−1[(xλ | λ ∈ Λ): xk]

⊆ (x2
λ | λ ∈ Λ).

Thus we have

(x1t) · · · (xq−1t)atn+m(q−1) ∈ ((x1t)m+1, . . . , (xq−1t)m+1)G(q).

This implies that

G(q)
((x1t)m, . . . , (xq−1t)m)G(q)

(m(q − 1))

(x1t)···(xqt)−→ G(q)
((x1t)m+1, . . . , (xq−1t)m+1)G(q)

((m+ 1)(q − 1))

is a zero map in degree n. Taking direct limit, we have [Hq−1
(x1t,...,xqt)

(G(q))]n = 0
for n < −q + 1.

Theorem A.4 ([15, Proposition 4.9]). For 1 ≤ p ≤ s,
[Hp

(q,qt)(R(q))]n = 0 if n < 2− p or n ≥ 0.(A.4.1)

Furthermore

H0
(q,qt)(R(q)) = [H0

(q,qt)(R(q))]0 = 0: Ax1.(A.4.2)

Proof. We work by induction on s. Let B = A/0: Ax1. Then x1, . . . , xs is also a
d+-sequence on B and x1 is B-regular. Furthermore,

0→ 0: Ax1 → R(q)→ R(qB)→ 0

is exact because 0 : Ax1 ∩ qn = 0 if n > 0. Therefore, H0
(q,qt)(R(q)) is concentrated

in degree 0 and [H0
(q,qt)(R(q))]0 = 0: Ax1. Thus we obtain (A.4.2). Furthermore,

if p > 0, then Hp
(q,qt)(R(q)) ∼= Hp

(q,qt)(R(qB)). We may assume that 0 : Ax1 = 0 to
prove (A.4.1).

If s = 1, then R(q) ∼= A[T ] where T is an indeterminate. Since x1, T is a regular
sequence on A[T ], H1

(q,qt)(R(q)) = 0.
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Next we assume that s > 1. There exist the following four short exact sequences

0→ R(q) x1−→ R(q)→ R(q)/x1R(q)→ 0,

0→ G(q)(−1) x1t−→ R(q)/x1R(q)→ R(q/x1A)→ 0,

0→ R(q)(−1) x1t−→ R(q)→ R(q)/x1tR(q)→ 0,

0→ A
x1−→ R(q)/x1tR(q)→ R(q/x1A)→ 0

because (x1) ∩ qn = x1q
n−1. Taking local cohomology, we obtain exact sequences

Hp−1
(q,qt)(R(q)/x1R(q))→ Hp

(q,qt)(R(q)) x1−→ Hp
(q,qt)(R(q)),(A.4.3)

Hp−1
qt (G(q))(−1)→ Hp−1

(q,qt)(R(q)/x1R(q))→ Hp−1
(q,qt)(R(q/x1A)),(A.4.4)

Hp−1
(q,qt)(R(q)/x1tR(q))→ Hp

(q,qt)(R(q))(−1) x1t−→ Hp
(q,qt)(R(q)),(A.4.5)

Hp−1
q (A)→ Hp−1

(q,qt)(R(q)/x1tR(q))→ Hp−1
(q,qt)(R(q/x1A)).(A.4.6)

For 2 ≤ p ≤ s, we have

[Hp−1
(q,qt)(R(q/x1A))]n = 0 if n < 2− p+ 1 or n ≥ 0

and

[Hp−1
qt (G(q))(−1)]n = 0 if n 6= 2− p

by the induction hypothesis and Theorem A.3. Therefore, if n < 2 − p or n ≥ 0,
then we have

[Hp−1
(q,qt)(R(q)/x1R(q))]n = 0

by using (A.4.4). Hence we find that

[Hp
(q,qt)(R(q))]n

x1−→ [Hp
(q,qt)(R(q))]n

is a monomorphism by using (A.4.3). This implies [Hp
(q,qt)(R(q))]n = 0 because

Hp
(q,qt)(R(q)) is annihilated by some power of x1 in elementwise.
Next we consider H1

(q,qt)(R(q)). Since H0
(qt)(G(q)) ∼= H0

q (A) = 0: Ax1 = 0, we
have

[H0
(q,qt)(R(q)/x1R(q))]n = [H0

(q,qt)(R(q)/x1tR(q))]n = 0 if n 6= 0

by using (A.4.2), (A.4.4) and (A.4.6). Therefore we find that

[H1
(q,qt)(R(q))]n

x1−→ [H1
(q,qt)(R(q))]n

and

[H1
(q,qt)(R(q))]n−1

x1t−→ [H1
(q,qt)(R(q))]n

are monomorphisms for n 6= 0 by using (A.4.3) and (A.4.5). Hence H1
(q,qt)(R(q)) =

0 because it is annihilated by some power of x1 and x1t in elementwise.

The following theorem comes from Theorem A.4 and [14, Theorem 3.1.1] at once.

Theorem A.5. Let r be an integer such that r ≥ s− 1. Then

Hp
(q,qrt)(R(qr)) = 0 for 1 ≤ p ≤ s.

Furthermore

H0
(q,qrt)(R(qr)) = [H0

(q,qrt)(R(qr))]0 = 0: Ax1.
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Appendix B. An Example

We give an example of a Noetherian local ring with large non-Cohen-Macaulay
locus and construct its Macaulayfication according to Corollary 4.2. We used [3]
to calculate our example.

Example B.1. Let k be a field, A the affine semigroup ring

k[a, b, c, d, e2, e3, ade, bde, cde, d2e]

and m the homogeneous maximal ideal of A. Then dimAm = 5 and the non-Cohen-
Macaulay locus of SpecAm is of dimension 3. The sequence x1 = a4, x2 = b4,
x3 = c4, x4 = d4, x5 = e4 is a p-standard system of parameters of type 3 for Am.

Proof. Since A is a finite algebra over k[a, b, c, d, e2], dimAm = 5 and a, b, c, d, e2

is a system of parameters for Am.
Next we compute a(Am). We regard A as a graded ring in natural way. Let

C = A/(ad, bd, cd, d2, e2, e3, ade, bde, cde, d2e).

Then there exist two short exact sequences of A-modules:

0→ A→ k[a, b, c, d, e]→ C(−1)→ 0,(B.1.1)

0→ A/m(−1)→ C → A/(d, e2, e3, ade, bde, cde, d2e)→ 0.(B.1.2)

Since A/(d, e2, e3, ade, bde, cde, d2e) ∼= k[a, b, c], we find that

H0
m(C) = A/m(−1),

H3
m(C) ∼= H3

(a,b,c)(k[a, b, c])

and

Hp
m(C) = 0 if p 6= 0, 3.

Hence

H1
m(A) ∼= A/m(−2),

H4
m(A) ∼= H3

(a,b,c)(k[a, b, c])(−1)

and

Hp
m(A) = 0 for p 6= 1, 4, 5.

Thus we have a(Am) = (d, e2, e3, ade, bde, cde, d2e)mAm, dimAm/a(Am) = 3 and
d4, e4 ∈ a(Am).

To compute a(Am/(d4, e4)Am), we take Koszul homologies of (B.1.1) with respect
to (d4, e4). Since (d4, e4)C = 0, we obtain an exact sequence

0→ C2(−5)→ A/(d4, e4)→ k[a, b, c, d, e]/(d4, b4)k[a, b, c, d, e]→ C(−1)→ 0.

Therefore

H0
m(A/(d4, e4)) = (A/m)2(−6),

H1
m(A/(d4, e4)) = A/m(−2),

H2
m(A/(d4, e4)) = 0.

Thus a(Am/(d4, e4)Am) = m2Am 3 c4.



ON MACAULAYFICATION OF NOETHERIAN SCHEMES 2549

Lemma 2.5 says that

(d4, e4)Am : c4 ⊆ (d4, e4)Am : m2Am

and hence (d4, e4)A : c4/(d4, e4)A has finite length. Therefore we obtain an exact
sequence

0→ (d4, e4)A : c4

(d4, e4)
(−4)→ H0

m(A/(d4, e4))(−4)

c4−→ H0
m(A/(d4, e4))→ H0

m(A/(c4, d4, e4))→ H1
m(A/(d4, e4))(−4)

c4−→ H1
m(A/(d4, e4))→ H1

m(A/(c4, d4, e4))→ H2
m(A/(d4, e4))(−4)

c4−→ H2
m(A/(d4, e4))→ · · · .

See [11, Proposition 2.6]. By comparing degree, we have two split short exact
sequences

0→ H0
m(A/(d4, e4))→ H0

m(A/(c4, d4, e4))→ H1
m(A/(d4, e4))(−4)→ 0,

0→ H1
m(A/(d4, e4))→ H1

m(A/(c4, d4, e4))→ H2
m(A/(d4, e4))(−4)→ 0.

Therefore

H0
m(A/(c4, d4, e4)) = (A/m)3(−6),

H1
m(A/(c4, d4, e4)) = A/m(−2)

and hence a(Am/(c4, d4, e4)) = m2Am 3 b4.
Similarly we have H0

m(A/(b4, c4, d4, e4)) = (A/m)4(−6) and

a(Am/(b4, c4, d4, e4)Am) = mAm 3 a4.

Although the finite morphism

Spec k[a, b, c, d, e](a,b,c,d,e) → SpecAm

is a Macaulayfication, we construct a Macaulayfication of SpecAm by using Corol-
lary 4.2. Let b =

∏4
i=1(xi, . . . , x5)Am and Y = ProjR (b). From the proof of
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Lemma 4.3, we find that Y is covered by 16 affine schemes:

(1) SpecAm

[
a4

e4
,
b4

e4
,
c4

e4
,
d4

e4

]
, (2) SpecAm

[
e4

a4
,
b4

e4
,
c4

e4
,
d4

e4

]
,

(3) SpecAm

[
a4

b4
,
e4

b4
,
c4

e4
,
d4

e4

]
, (4) SpecAm

[
b4

a4
,
e4

b4
,
c4

e4
,
d4

e4

]
,

(5) SpecAm

[
a4

c4
,
b4

c4
,
e4

c4
,
d4

e4

]
, (6) SpecAm

[
c4

a4
,
b4

c4
,
e4

c4
,
d4

e4

]
,

(7) SpecAm

[
a4

b4
,
c4

b4
,
e4

c4
,
d4

e4

]
, (8) SpecAm

[
b4

a4
,
c4

b4
,
e4

c4
,
d4

e4

]
,

(9) SpecAm

[
a4

d4
,
b4

d4
,
c4

d4
,
e4

d4

]
, (10) SpecAm

[
d4

a4
,
b4

d4
,
c4

d4
,
e4

d4

]
,

(11) SpecAm

[
a4

b4
,
d4

b4
,
c4

d4
,
e4

d4

]
, (12) SpecAm

[
b4

a4
,
d4

b4
,
c4

d4
,
e4

d4

]
,

(13) SpecAm

[
a4

c4
,
b4

c4
,
d4

c4
,
e4

d4

]
, (14) SpecAm

[
c4

a4
,
b4

c4
,
d4

c4
,
e4

d4

]
,

(15) SpecAm

[
a4

b4
,
c4

b4
,
d4

c4
,
e4

d4

]
, (16) SpecAm

[
b4

a4
,
c4

b4
,
d4

c4
,
e4

d4

]
.

We check the Cohen-Macaulay property of them.
For example, we consider (16). By letting s = a, t = b/a, u = c/b, v = d/c and

w = e/d, we obtain an isomorphism

A[b4/a4, c4/b4, d4/c4, e4/d4]
∼= k[s, t4, u4, v4, w4, st, stu, stuv, s2t2u2v2w2, s3t3u3v3w3,

s3t2u2v2w, s3t3u2v2w, s3t3u3v2w, s3t3u3v3w].

The right hand side is also an affine semigroup ring and satisfies the assumption of
the following theorem.

Theorem B.2 ([13, Theorem 2.6]). Let k be a field and B = k[m1, . . . ,mr] an
affine semigroup ring, where m1, . . . , mr are monomials. Assume that

1. m1, . . . , md are algebraically independent over k;
2. there is a positive integer k such that mk

d+1, . . . , mk
r ∈ k[m1, . . . ,md].

Then the following statements are equivalent :
1. B is Cohen-Macaulay;
2. miB : mj = miB for all i < j.

It is easy to see that A[b4/a4, c4/b4, d4/c4, e4/d4] is a Cohen-Macaulay ring by
using the theorem above and we can prove that (1)–(15) are Cohen-Macaulay in
the same way.
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