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ON MACAULAYFICATION OF NOETHERIAN SCHEMES

TAKESI KAWASAKI

ABSTRACT. The Macaulayfication of a Noetherian scheme X is a birational
proper morphism from a Cohen-Macaulay scheme to X. In 1978 Faltings gave a
Macaulayfication of a quasi-projective scheme if its non-Cohen-Macaulay locus
is of dimension 0 or 1. In the present article, we construct a Macaulayfication
of Noetherian schemes without any assumption on the non-Cohen-Macaulay
locus. Of course, a desingularization is a Macaulayfication and, in 1964, Hi-
ronaka already gave a desingularization of an algebraic variety over a field
of characteristic 0. Our method, however, to construct a Macaulayfication is
independent of the characteristic.

1. INTRODUCTION

Let X be a Noetherian scheme. A birational proper morphism Y — X is said
to be a Macaulayfication of X if Y is a Cohen-Macaulay scheme. This notion was
given by Faltings [9] in analogy with desingularization. Furthermore, he proved
that a quasi-projective scheme over a Noetherian ring A has a Macaulayfication if
its non-Cohen-Macaulay locus is of dimension 0 or 1 and A possesses a dualizing
complex. We should mention that his method of constructing a Macaulayfication
is independent of the characteristic of the ring A unlike Hironaka’s desingulariza-
tion [19].

Furthermore, several authors are interested in Macaulayfication. For example,
Goto [I0] gave a Macaulayfication of the spectrum of certain Buchsbaum rings.
We can give a Macaulayfication of the spectrum of arbitrary Buchsbaum rings
by Faltings’” method. Goto’s Macaulayfication, however, is better than Faltings’
one in a sense. Indeed, Goto’s one is a finite morphism though Faltings’ one is
not. Furthermore, Goto [I1] and Schenzel [29], independently, refined Faltings’
Macaulayfication in the case that the non-Cohen-Macaulay locus is of dimension 0.

On the other hand, Brodmann [4], [5] gave other Macaulayfications under the
same assumption as Faltings. His method is quite different from Faltings’ one.
Indeed, his Macaulayfication preserves normality and regularity. He also showed in
[6] that there exists no minimal Macaulayfication even if X is a surface.

Recently, the author [2I] gave a Macaulayfication of quasi-projective schemes
whose non-Cohen-Macaulay locus is of dimension 2. In the present article, we
improve it. The main theorem of this article is as follows.
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Theorem 1.1. Let A be a Noetherian ring possessing a dualizing complex and X
a separated, of finite type scheme over Spec A. Then X has a Macaulayfication.

To make a survey, we sketch the construction of our Macaulayfication. First we
consider the case of affine schemes. Let A be a Noetherian local ring possessing a
dualizing complex. Then the non-Cohen-Macaulay locus V' of X = Spec A is closed.
We assume that A is equidimensional and fix an integer s such that dimV < s <
dim X. In this case our Macaulayfication of X consists of successive s+ 1 blowing-
ups

Ys,l - Ys,2 —Feee }/s,s - Ys,s-i—l — X
such that
depth Oy, , , >d—i+1 for all closed points p on Y ;.

The schemes Y, and Y, sy1 were essentially given by Faltings. Furthermore, if
s > 0, then we can give another Macaulayfication of X consisting of a finite mor-
phism hg ;1 and successive s blowing-ups

Zy " Yeg = o= Yau = Yaups — X
Since s is arbitrary, we have distinct 2(dim X — dim V') Macaulayfications of X if
dim V' > 0. In Section ] we give the precise statement and its proof. We compute
an example of a Macaulayfication in Appendix

The center of each blowing-up is the ideal generated by a subsystem of certain
system of parameters for A, named a p-standard system of parameters by Cuong [7].
In particular, the center of the first blowing-up is the ideal generated by an uncon-
ditioned strong d-sequence (for short d*-sequence), which was studied by Goto and
Yamagishi. We discuss a p-standard system of parameters in Sections 2] and Bl
Since the theory of d™-sequences plays a key role, this article includes proofs of a
few results of [T5] in Appendix [Al

In Section Bl we prove Theorem [T by using the result in the preceding section.
It is a routine established by Faltings.

In Section Bl we give an application of Macaulayfication. A dualizing complex
is an important notion for commutative algebra and algebraic geometry. It is well-
known that a homomorphic image of a finite-dimensional Gorenstein ring has a
dualizing complex. Indeed if B is a finite-dimensional Gorenstein ring, then its
injective resolution I°® is a dualizing complex of B. If A is a homomorphic image
of B, then Homp(A,I*) is a dualizing complex of A. In 1979 Sharp [30] posed a
conjecture: the converse is true. Aoyama and Goto [1], [2] gave a partial answer to
Sharp’s conjecture by using Faltings’ Macaulayfication. They showed that Sharp’s
conjecture is true for a Noetherian local ring whose non-Cohen-Macaulay locus is
of dimension 0 or 1. Their argument still works in general. We show the following
theorem.

Theorem 1.2. A Noetherian ring A possessing a dualizing complex is a homomor-
phic image of a finite-dimensional Gorenstein ring if A satisfies one of the following
three conditions:

1. A has no embedded prime ideal and t(p) — htp is locally constant on Spec A
where t denotes the codimension function of A;

2. A is an integral domain;

3. A is a local ring.
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Throughout this article except for Sections [{l and B, A denotes a Noetherian
local ring with maximal ideal m. For a graded ring R = @,,~, R», R4 denotes
the irrelevant ideal @,,., R,. We refer the reader to [17], [I8] and [22] for other
unexplained terminology.

2. A P-STANDARD SYSTEM OF PARAMETERS, I

In this section, we state the definition and properties of a p-standard system of
parameters, which was introduced by Cuong [7].

First we recall definitions of d-sequences and unconditioned strong d-sequences.
They were given by Huneke [20] and GotoYamagishi [15], respectively, but our
definition of d-sequences is slightly different from Huneke’s original one.

Definition 2.1. Let M be an A-module. A sequence z1, ..., x4 of elements in A
is said to be a d-sequence on M if

(1, .., zic)M: zzy = (x1,...,2i-1)M:z; forany 1 <i<j<d.

A sequence 1, ..., xq of elements in A is said to be an unconditioned strong d-
sequence (for short, a d*-sequence) on M if 27", ..., 2};* is a d-sequence on M for
any positive integers ni, ..., nqg and in any order.

The following lemma was first given by Goto and Shimoda [12, Lemma 4.2] for
the system of parameters for a Buchsbaum ring, which is a typical example of
d-sequences. Since we often use it, we give a proof.

Lemma 2.2 ([15, Theorem 1.3]). Let M be an A-module and x1, ..., xq a d-
sequence on M. If we put q = (x1,...,x4), then
(221) (.131, . ,xi_l)M: x; N an = (1‘1, . ,J)i_l)qn_lM

foralln >0 and 1 < i< d+ 1, where we set xgy1 =1 and (z1,...,2;-1) = (0) if
i =1.
Proof. We work by induction on n and i. If i = d + 1, then it is trivial. Let i < d
and assume that

(x1,...,2)M: 200 q"M = (21,...,7)q" M.
If @ is in the left hand side of (2:2:1)), then

a€ (r1,...,¢i1)M:z;Nq"M

C(x1,...,xi—1)M: 2201 N q"M
=(x1,...,i—1)M: zip1 N g"M
< (
= (

X

-

ooy L) Mz NG M
Ty, ., x)q" M.
Let a = b+ x;c with b € (21,...,2,-1)9" ' M and ¢ € q" ' M. Then
c€ (z1,...,mi—1)M: :cf =(x1,...,xi—1)M: z;.

If n=1,then a = b+ x;c € (x1,...,2i-1)M.
If n > 1, then

cc (1‘1, . ,l‘i_l)MI ziN qn_lM
= (:L’l, Ce 7xi71)qn—2M
by the induction hypothesis. Thus a = b+ z;c € (21,...,7,-1)9" M. O
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To state the definition of a p-standard system of parameters, we need the fol-
lowing definition and lemmas. They were given by Schenzel [26] [27] and [2]].

Definition 2.3. Let M be a finitely generated A-module. An ideal a(M) is defined
to be
a(M) = H ann HE (M)
0<i<dim M
where ann H, (M) denotes the annihilator of Hi (M).

If A is a homomorphic image of a Gorenstein local ring B, then the local duality
theorem says that ann H (M) = ann Ext,~*(M, B), where n = dim B. Therefore
aM)= J]  annExty(M,B).

i=n—dim M+1

Of course, M is Cohen-Macaulay if and only if a(M) = A.

Lemma 2.4. Let M be a finitely generated A-module. If A possesses a dualizing
complex, then the following statements hold:
1. dim A/a(M) < dim M.
2. Let p be a prime ideal of A. Then a(M) € p if and only if M, is a Cohen-
Macaulay A,-module and dim A/p + dim M, = dim M.
3. If M is equidimensional, then the non-Cohen-Macaulay locus of M coincides
with V(a(M)).

Proof. ([@): See |28, p. 46]. @): See [28, Satz 2.4.6]. @): See [28, p. 52]. O

Lemma 2.5. Let M be a finitely generated A-module of dimension d > 0 and
T1, ..., xq a system of parameters for M. Then

(1‘1, . ,xi_l)M: xT; - (.131, . ,.l?i_l)Ml CL(M) fO’f’ all 1 < ) < d.
In particular, if x; € a(M), then the equality holds.
Proof. See [27, Theorem 3] or [28 Satz 2.4.2]. O

Lemma is always true but Lemma[2.4]is false without dualizing complex. We
find a counterexample in [26].

Now we give the definition of a p-standard system of parameters, but it is slightly
different from Cuong’s original one.

Definition 2.6. Let M be a finitely generated A-module of dimension d > 0,

z1, ..., 4 a system of parameters for M and s an integer such that 0 < s < d.
We say that x1, ..., x4 is a p-standard system of parameters of type s if
1. 41, ..., xq € a(M);

2.z € a(M/(xig1,...,xq)M) for all 1 <i <s.

In the case of s = d — 1, our definition coincides with Cuong’s one.
As a consequence of Lemma [2.4], we can find a p-standard system of parameters
for any finitely generated module.

Theorem 2.7. Let M be a finitely generated A-module of dimension d > 0 and s
an integer such that dim A/a(M) < s < d. If A has a dualizing complex, then there
exists a p-standard system of parameters of type s for M.
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Proof. Since d—dim A/a(M) > d—s, there exist d—s elements x411, ... , x4 € a(M)
such that dim M/(zs11,...,2¢)M =d — (d — s) = s.

If a subsystem of parameters x;4+1, ..., x4 for M is given, then there exists
x; € a(M/(zs41,...,24)M) such that dim M/(z;,...,24)M = i — 1, because
dimA/a(M/(a:i_,_l,...,xd)M) < 4. O

The following proposition comes from Lemma at once.

Proposition 2.8. Let M be a finitely generated A-module of dimension d > 0
and x1, ..., xrq a p-standard system of parameters of type s for M. Then the
SEqUENCE Tsy1, - .- , Tq 18 a dT-sequence on M/(y1, ...,y )M for any subsystem of
parameters yi, ..., Yu for M/(zsi1,...,xzq)M. In particular, Ts41, ..., Tq 1S
dt-sequence on M itself.

: Ms41 n; Nst1 Mi—1 n;
Proof. Since y1, ..., Yu, Teih s oo, xptand Y1, oy Yu, T, 0, T, T

are two subsystems of parameters for M,

7
J

Ns41 ni—1 LM Ns+1 ni—1 i
W1 Y T s )M = (Y1, Yus Ty e Ty )M a(M)
_ MNs+41 MNi—1 R T L]
= (Y1 Yus Ty 5o Ty )M 2] z;’

for any integers ns41, ..., xgand s+ 1 <i<j <d. O
The main theorem of this section is as follows.

Theorem 2.9. Let M be a finitely generated A-module of dimensiond >0, z1, ... ,
xq a p-standard system of parameters of type s for M and y1, ..., y, a subsystem
of parameters for M/(xz;,...,xq)M where 2 <i<d and 1 <u <i. Ify, € a(M)
or yy € a(M/(x4,...,xq)M), then

(2.9.1) Y1y s Y1, 22 | A ENM: Yoy = (W1, -+, Yo—1, 25 | A EA)M : g,
for any1 <v<wand A C{i,...,d}. In particular, by letting A = 0, we have
(2.9.2) W1s - Yo—1) M yoypu = (Y1, - Yo—1) M2 Y.
Here (zx | A € A) denotes the ideal generated by {xy | A € A} and we put
(Y1, Yo, x| AEA) = (Y1, s Yv—1) + (T2 | A EA).
Proof. 1f y,, € a(M), then the both side of ([2.9.]) coincide with
W1,y Yo—1,Zx | X E A)M: a(M)

because of Lemma [25]

In the case of y, € a(M/(x;,...,xq)M), we work by induction on the number
of elements in A. If A = {i,...,d}, then (ZO1]) comes from Lemma [Z5] applied to
M/(xi,...,xd)M.

Assume that A # {4,...,d} and let [ be the largest element of {i,...,d}\ A. Let
a be an element of the left hand side of (ZZ0.1)). Then we have

a€ (Y1, Yo1,20,2x | A € A)M: Yy
= (yl,~~~7yv—1,$z,$)\ | A€ A)M Yu
by the induction hypothesis. We put y,a = x;b + ¢ with
c€ W5 Yo1,20 | A € A)M.
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Then we obtain that
be (ylv"-ayv—lvx/\ | A€ A)M Yyl
= W1, Yo1,ox | A EA)M: 2.

Indeed, if I < s, then x; € a(M/(zi41,...,24)M) and I + 1, ..., d € A. Hence we
can apply Lemma [2ZH to M/(x;41,...,24)M. On the other hand, if I > s, then
21 € a(M). We can apply Lemma B8 to M itself. Therefore

Yu = Tb+ce (ylv"wyvflvx)\ | A€ A)M
That is, @ € (y1,...,Yv—1,2x | A € A)M : y,,. The proof is completed. O
We use the following corollary for our Macaulayfication in Section [4]

Corollary 2.10. Let M be a finitely generated A-module of dimension d > 0,
T1, ..., xq a p-standard system of parameters of type s for M and y1, ..., Yy a
subsystem of parameters for M/(x;,...,xq)M where 1 < i < d and 1 < u < 1.
Then the sequence x;, ... , xq s a d-sequence on M/(y1,...,y.)M. In particular,
T1, ..., Tq 18 a d-sequence on M itself.

Proof. Let i < j < k < d. By applying (Z3.2) to the subsystem of parameters
Y1y -+ s Yuy Tiy -, T for M/ (xp41,...,2xq) M, we obtain

WY1y Yur Tiy ooy j—1 )M iz = (Y1, - o Yus Ziy - -+, Tjm1) M 2 g O
3. A P-STANDARD SYSTEM OF PARAMETERS, II
This section is devoted to the proof of the following theorem.

Theorem 3.1. Let M be a finitely generated A-module of dimension d > 0 and

1, ..., Tq a p-standard system of parameters of type s for M. We put q; =
(Tiy. .. xq) for all 1 < i < d. Then for any positive integers 1 < i < j < d and
ng, ..., nj, we obtain the following statements:

(Aij) If y1, .., Yu is a subsystem of parameters for M/q;M, then

(3.1.1) (Y1, sYusThy - s Ti—1) Mz N (Y1, - s Yu) M + g7 - - - q;”M]
=W, Yu) M+ (Tp, o T1)g] qul e q;‘le
for arbitrary integers k and I such that i <k < j and k <1< d+ 1. Here we set
ZTar1 = 1.
(Bij) If y1, ..., Yu 1s a subsystem of parameters for M/q; M, then
(3.1.2) [(y1s---sYu—1)M + (zg, ..., 21)q;" - -q?jM]: Yu
= (@ a){(rs s yum ) M+ a7 a7 My}

+ W1,y Yua1) My
for arbitrary integers k and | such that i < k < j and k <1 < d. In particular, by
letting | = d, we have

(Y1, g )M a7 g F g My,
= ae{[(y1, - Yu)M + a7 a7 M)y}

+ W1,y Yua1) M Yy

foralli <k <j.
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(Cij) If ya, ..., yu is a subsystem of parameters for M/q, M, then
(3.1.3) [(y1s---Yu—1)M +q]* - -q;”M]: Yu
g (yla R ayu—l)M: Yu + q?iil e q;LJM
(Dij) If yi, .., Yu is a subsystem of parameters for M/q;M, then
(3.1.4) [(yi, - Yu—1)M +q;---q;M]: yu N&; M

C o[y, Yu—1)M + Qi1 QG M yu} + (Y1, Yu—1) M.

Here we put qiy1---q;M =M ifi=j.
(Ei;) Let k be an integer such that 2 < k <. If y1, ..., Yy is a subsystem of
parameters for M/qipM such that y, € a(M/qpM), then

(3.15) [(W1y-- s Yo1,2x | XN ENM +q1 -+ q7 M]: Yoy,
J
= [(yla"'ayv—hxk | )\EA)M_’_q:LLq;”M] Yu
forany 1 <v<wand A C{k,...,i—1}.

We divide the proof into several steps. Roughly speaking, we work by induction
onk=j—1.

DIAGRAM OF THE INDUCTION

Vi: (A“‘), (B“‘), . (Ei,i-i-k—l) = Vi: (Ai,i—i-k) (Steps m and E),
Vi: (A“‘), (B“‘), ey (Ei,i+k—1)7 (Ai,i—i-k) = Vi: (Bz,i-l—k) (Step|2|),

Vi: (A”‘), (B”‘), ey (Ai’iJrk;)’ (Biﬂqu) = Vi: (Ci,iJrk) (Steps and H);
Vi: (A”‘), (B”‘), ey (Biﬂqu), (Ci’iJrk;) = Vi: (Diﬂqu) (Steps @ and M);
Vi: (A”‘), (B”‘), ey (Ci’iJrk;), (Di,i+k) = Vi: (Eiﬂqu) (Steps , and @)

Step 1. (Ay;) is true.

Proof. Corollary 210 says that x;, ..., x4 is a d-sequence on M/(y1,...,y.)M.
Therefore (A;;) coincides with Lemma O

Step 2. If j > i, then (B;;) comes from (A;j).

Proof. Let a be an element of the left hand side of (8:1:2) and put y,a = xb + ¢
with b € i -~ q;’ M and ¢ € (y1,...,Yu—1)M + (g, ..., z1-1)a;" ---q;’ M. By
using (A;;), we obtain

be (Y1, s Yus Thy- -, T—1) Mz N qe ---q}”M
C Wy Yu) M+ (s mm)q it q M.
Let b = y,a’ + ¢’ with
€W Yua1)M + (o mp)qf g g M.
Then
a" € l(yr,. o yu—)M + ;" a7 M)y
and

a—x1a" € [(y1,- s Yuo1)M + (Tgy ...y 21-1)q)" ---q?"M]: Yu-
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By induction on [, we find that a is in the right hand side of ([BI2). The opposite
inclusion is obvious. |

Step 3. (By;) implies (Cy;) and (Ey).
Proof. By using (B;;), we have

(Y1, yu—1)M + a7 M]: yu
= a7 W1 Y1) M+ My}
+ W1,y Yu—1) My
and
(Y1, Y1, 22 | A EANM 4+ q" M]: yoyu
= ¢ {1, v, 20 | A € M + qiM]: gy}
+ W1 Yo1) M 2 Yo
Furthermore, if y,, € a(M/qiM), then (29.2) says that
1o Yo1) M Yoy = (Y15 Yo—1) M 2 Yo

Thus we may assume that n; = 1. Then (Cj;) is trivial and (Ej;) is included in
Theorem 9 O

Step 4. (Dy;) is trivial.

Proof. Indeed, the right hand side of (31.4) is (y1,- .., Yu—1,2:) M. O
Step 5. If j > i, then (Ai;) comes from (Aiy1,;) and (Ciy1j).

Proof. We first show that

(3.1.6) (1, Yus i -y w1—1)) M 2 O (Y1, Y1) M + a1 ~q;”M]
C o )M+ (@, mo) g M

foralli <l <d+1. Ifl =d+ 1, then (316 is trivial. Assume that [ < d. Let a
be an element of the left hand side of (3.1.6]). By applying (A;11,;) to a subsystem
of parameters yi, ..., Yu, ¢; for M/q;1+1M, we obtain

a€ Wi Yur Tiso o Ti—1) Mz N (Y1, Yuo ) M+ )i q;”M]
= (WY1, Yus )M 4 (Tig1, . 211) jﬁl*l...q?jM,
If we put a = x;b + ¢ with
CE Wy yu)M + (i1, mo)q -q;’ M,
then
bel(yr, - y)M+ a7 a7 M]:
C Wy yu) M+l g M

by (Cit1,;) applied to a subsystem of parameters y1, ..., yu, @; for M/q; 11 M. If
I =i, then the left hand side of (BI) is contained in

W) M O (Y1, Y Ty Ta) M= (Y1, ) M.
Therefore a is in the right hand side.
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Next we show (3II). In the case of k = i, we work by induction on ! and n;.
Let a be an element of the left hand side of (BI). If I = d 4+ 1, then there is
nothing to prove. Assume that ¢ +1 <[ < d. Since x;, ..., g4 is a d-sequence on
M/(y1,- - yu)M,

Yty vy Yur Tig o e oy T—1) M 2 C (Y14 ey Yuy Tiy -+ o, ) M2 241
as the proof of Lemma Hence we have
a € Y,y Yus Tis -, )M g O [(yr, - yu) M+ 477 - q) " M)
= W1y gu) M + (i, m)gl g M
by the induction hypothesis. Let a = z;a’ + b with o’ € ¢ "'+ q;”M and

be (Y1, - Yu)M + (x4, ... ,ml_l)q;”*l . --q;”M.
Since z;, ..., x4 is a d-sequence on M/(y1,...,y.)M,
a' €Yy Yus Tiy ooy T 1) M2 7 = (Y1 ey Yy Tiy -y 1) M 2 3.
Therefore we get
A" €Yy Yus Tiy -y xi—1) M 2y N gt ...q;-”M

{(yla...,yu)M—f— (xi,...,xl_l)q;i'*il_l...q;’iM if n; =1;

C mn, .
(yla' e 7yu)M+ (xu 'axl—l)q?i72' quM if n; > 1;

by using (3L8) or the induction hypothesis, respectively. Since x; € q;4+1 C qi,
a = x;a’ + b is in the right hand side of (B1.1]). If [ = ¢, then

a€ Y, yu)M: 0 [(yr, - yu) M+ a7 - q; M]
Cye - yu) Mz N (Y1, Yu, Ty e oy xa) M
= (Y1, yu)M
because of Lemmal[ZZ The proof is completed if k = i.
In the case of k > i, we work by induction on n;. Assume that [ < d. Let a be
an element of the left hand side of (BII). Since (z;) 4 q;" = (v;) + q;'{;, we have
a€ (Y1, s Yus Tiy Thoy - -, Ti—1) M g OV [(Y1, - o Yu, )M+ qﬁ'{”i“ . q}”M]
_ (y1, e Yu, J,‘i)M =+ (l‘i+17 - 7$l—1)q?ﬂr""’+1‘1 .. q;-le ifk=1+ 1;
Y1y s Yu, )M + (zgy - . ’xl—l)qﬁ'{'”"’“ .. .qZk—l .. q?jM fhk>i+l
= s Yo B M (i) g ML
Here we applied (A;41 ;) to the subsystem of parameters y1,. . . .4y, x; for M/q;11 M.
Taking intersection with (y1,...,y)M +q;" -+ q;-”M7
a€ W, Yur t)M N [(y1, . yu) M+ a7 -7 M)
(@Al g T g M
= (yla o 7yu)M + xiq?i_l e q?JM
@k m)af T g M
Here we used (B.11]) in the case of k& = i to show the equation. Let a = z;a’ +b
with a’ € g/~ " -+ q M and

b € (y1)7yu)M+ (l‘k,,ml_l)q?’ qZkil q;lJM
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By applying (Z32) to the subsystem of parameters y1, ..., Yu, Tk, - .-, Ti—1, T,
x; for M/q;4+1 M, we obtain

a" € (Yl s Yur Thy ooy T—1) M 232 = (Y1y -+ oy Yus Thy - - -, T—1) M 2 Ty
Therefore we have
@ € (Y1, Yus Thy ooy 1) Mz 2y N gt ---q;-”M

Mi41 ng—1 nj : 1.
it j =15
{(yl,...,yu)M—l—(xk,...,xl_l)q voeas T gy Mo e =1

- o _ n; .
(yl,...,yu)M—ﬁ- (xk,...,xl_l)q?’ lqzk 1'--quM if n; >1

by (Ait1,;) or the induction hypothesis, respectively. Therefore a = z;a’ + b is in
the right hand side of (BI1l). The opposite inclusion is obvious. O
Step 6. If j > i, then (Cyj) comes from (Bi;), (Cii), (Cit1,5) and (Eiy1,;).
Proof. We first show that
(3.1.7)
W1y e Yue1,2) My O (Y1 oy Yue1, iy o )M = (Y1, -« Yu—1, )M
for all « < I < d. We work by induction on [. If [ = i, then there is nothing to
prove. Assume that [ > ¢ and let a be an element of the left hand side of (BIL7).
We put a = 2;b+c with ¢ € (y1, ..., Yu—1, %4, ..., 21—1)M. By applying (Z9.2) to a
subsystem of parameters y1, ..., Yu—1, Tiy - - - , Ti—1, Yu, L1 for M/q41 M, we have
be (yla s Yu—1,T4, - '7xl71)M: Yuly
= Y1y oy Yuols Tiy- oy Ti—1) M : 2.
Thus we get
a€ (Y, s Yu1,T) My N (Y1, oy Yue1, Tiy e oo, T1—1)M
= (y17 s ayu—hxi)M

by the induction hypothesis. The opposite inclusion is obvious.

Next we show (BL3)). In the same way as Step Bl we may assume that n; =
-~ =mn; = 1. Let a be an element of the left hand side of (3.L13). By (Cit1,;) we
obtain

@ € (Y1, Yum1, ) M + 07y -+ 4, M]: g,
C Wi,y Yua1,Zi) M2 Yo + qir - - q; M.
On the other hand, (Cj;) gives
a€ (i, s Yu1)M + qZM]: y,
C W5y Yu—1) M yu + qiM.
Thus
a€ (- Yu1,T) M Yoy + qig1 - GMIN (Y1, s Yua1) M 2 Yo + qiM]
=W, Yu—1)M: Yo + Qi1 4G M + (Y1, Yue1, )My N g M
=1, Yu1)M: Yy + Qi1 - q; M + ;M.
Here we used (BI7) to show the last equation. Taking intersection with

(Y1, Yu1)M + Qi1 - q; M) Yo,
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we have
ac W, Yu1)M: Yo + qig1---q; M
+ (w1, yu—1)M + igr - My N M
=W, Yu1)M: Yo + Qi1 - q; M
+zi{[(y1, s Y1) M + i1 -4 M gz}
By applying (Eit1,;) to a subsystem of parameters y1, ..., yu, x; for M/q;11 M,
we have

(Yo Yum )M+ Qi - M) yuzs = (Y1, Yue 1) M+ Qiger - -9 M2 2y
Therefore a € (y1,. .., Yu—1)M: Yy + qix1 - - - q;M. The proof is completed. O
Step 7. If j > i, then (Ciy1,;) implies (D;j).

Proof. We first show that

(3.1.8) (w1, s Yu—1)M +2iQip1 - q; M]: gy
= xi{[(yla s 7yu71)M + i1 qJM] yu}
+ (ylv s 7yu71)M: Yu-

Let a be an element of the left hand side of BIJ)) and put y,a = ;b + ¢ with
be qiy1---q;M and ¢ € (y1,...,Yu—1)M. Then

be (yl,...,yu)Ml x; N g M
C (Y1s-- - yu)M

because x;, ..., xq4 is a d-sequence on M/(y1,...,yu)M. We put b = y,a’ + ¢
with ¢ € (y1,...,yu—1)M. Then o’ € [(y1,...,Yu—1)M + qit1---q;M]: y, and
a—xzia € (Y1,...,Yu—1)M: y,. Hence a is in the right hand side of (3:1.8) and the
opposite inclusion is obvious.

Next we show (81.4). Let a be an element of M such that

ria € [(y1,. - Yu—1)M + ;- q;M]: yu
and put y,z;a = ;b + b with b € q;11---q;M and
v € (ylv"wyufl)M—*—q?Jrl qu

By applying (Ci+1,5) to a subsystem of parameters yi, ... , Yu—1, Z; for M/q;11 M,
we have

yua—b € (Y1, o, Yu—1)M + le+1 eq; M
C Wiy s Yu—1)M: 2y + i1 - q; M
and hence
Yu@ € (Y1, s Yu—1)M: Ti + i1 -+~ q; M.
Therefore
ri;a € [(yl; . ayu—l)M —+ TiQig1 - qJM] Yu N J,‘iM

=z {[(y1,- - Yu—1)M + Qi1 q; M]: yu}
+ W1y s Yua1) My Nz M.
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Here we used (3I8)). By applying (2Z29:2)) to a subsystem of parameters yi, ...,
Yu, T; for M/q;41 M, we have

(Y1, ooy Yu1) My = (Y1, -+ oy Yu1) M = ;.
Hence we have
W15 Yu )My VM = 2i[(y1, - Yu1) M 2 Yo 2]
=2i[(y1, s Yu—1) M : 2]
C (yla s ayu—l)M'
Hence z;a is in the right hand side of (B:I4)). Thus the proof is completed. [l
Step 8. (E;it+1) comes from (Bjiy1), (Ei) and (Bit1i+1)-

Proof. In the same way as Step Bl we may assume that n; = n;11 = 1. Let a be an
element of the left hand side of (3:1.5). Then we have, by (E;;),

ac [(ylw"ayv—hxk | )\ S A)M—Fq%M] Yo Yu
=[(y1,-+ -, Yo—1,2x | A € A)M—f—qu]: Yu-

Therefore we put yya = x2b + ¢ with ¢ € (y1,...,yp—1,2x | A € A)M + qiqiy1 M.
On the other hand, (E;4+1,41) says that

a €y, Yo-1,2x | A€ A)M + qi1M]: yuyu
Cllyts -y yo—1,2x | A€ A)M + qi1 M]: yu.
Thus
be (Y, Yo1,2x | N EAM + qi 1 M]: 22
=[(y1,- -, Yo—1,2x | A € A)M + qi1 M]: z;.
Indeed, z; € a(M) or z; € a(M/q;41M). Therefore
Yua = T3b+C € (Y1, Yo1,2x | A € A)M + qiqi1 M.
The proof is completed. O
Step 9. If j > i+ 1, then (E;;) is followed from (A;;), (Bij), (Cit1,5), (Dij)
and (Eit15).

Proof. In the same way as Step Bl we may assume that n; =---=n; = 1. Let a
be an element of the left hand side of (BIH). By applying (E;+1,;), we have

a €y Yoo1,Tis2x | N EANM + a7 1 - q;M]: Yoy
=[(y1,-- s Yo—1,Ti, Tx | A € A)M—i—qfﬂ cq; M Y.
Therefore
Yut € [(Y1, - Yo—1, 25 [ A € A)M + ;- - q; M]: y,

N {155 Yo-1, T2 | A € A)M + a2y -+ - q; M]
=W Yo-1, o2 | A ENM + a2y - q; M

+ (Wi, Yo, [ AEAM +q; - q; M)y, N M
= Y1, Yo—1,2x | A E A)M+q12+1"'qu

+zi{l(yr, -y oa [ AEAM + i --q; M]: yo )
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Here we used (D;;) to show the second equation. We put y,a = ;b + ¢ with
bel(yr, s Yo—1,Zx | AEA)M + qig1---q;M]: yo
and
CE€ Wiy Yoo1.2A | N EAN)M +q7 - q; M.

By applying (Cit1,;) to a subsystem of parameters yi, ..., Yu—1, Yu, {Zx | A € A},
x; for M/q;41 M, we obtain

b [(yla"'ayv—hyu;l‘)\|)\€A)M+q12+l"'qu]:xi

S
C Wiy s Yo-15Yus Ta | A EA)M: 2 + qir -+ - q; M.
Therefore

be[(yr, - Yo—1,2A | A EA)M + qip1---q; M]: g
N Wi Yot Yus @ | A € A)M: ; + qigr -+ - q; M|
=[(y1,. -, Yo—1, 22 | AEA)M + i1 ---q; M]: yo
N (Y15 Yoo1,Yu, TA | A EA)M : x;
+ Qi1 q; M.

Since j > i + 2, we have

(Y15 s 1,20 | A€ A)M + Qi1+ -q; M]: yy
C Y1y s Yo—1,Tx | AEAN)M : Yy + qip2M

by using (Cjy1,;). Furthermore, we obtain

(Y1, s Yo, T | AEAN) My C (Y1, -+, Yo—1,ZA | A € A)M : yya;
(3.1.9) = W1y s Yo1,ZA | AEANM : x;
C (Y1, s Yo—1, Yus Tx | A E A)M :

by using (2:9:2)). Therefore

(Y1, Y1y Yus A | N E MM 2, N [(Y1, -+ Yo—1,Zx | A E A)M = yy + qi12M]
= Y1y s Yo_1,Zx | AEAN)M: g,
+ Wi Yo-1,Yus Ta | A E€EA)M 2 N g2 M
C (Y1, s Yoo1,2x | AENM: y, + yu M.

Here we applied Lemma [2.2] to a d-sequence x;, ..., x4 on

M/(y17" -7yv—1;yu7$,\ | )\ E A)M
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Thus
be [y, s Yv—1,2x | A EA)M + qip1---q; M]: yo
N [(y1y s Yoo1,2x | A € A)M: yy + qip2 M]
O Y1y ey Yo—1,Yu, Tx | A EA)M = x;
+qig1q; M
Cyrs-- - yo—1,2x | X EAM + qig1---q; My,
N[y, s Yo—1,2x | A EA)M : yy + yu M|
+ Qi1 -9 M
=[(y1,--, Yo—1, 22 | A EA)M + i1 -+ - q; M]: yo Ny M
+ (Y1, Yo—1,Tx | A EA)M : y,
+ Qi1 g M
=y, Yot 22 [ XN EAN)M 4 qip1 -+ 43 M]: Yoy}
+ (Y1, Yo—1,Tx | A EA)M : y,
+qig1q; M
=W, Y1, x| AEAN)M: Yy + qig1 -~ q; M.
Here we used (E;y1,;) to show the last equation. Thus we have
Yua =rb+c€ (Y1, Yo-1,22 | AN EA)M +q;---q;M,
where we used ([B.L) again. The opposite inclusion is obvious. O
Thus we finish the proof of Theorem B.11

The following corollary immediately comes from Theorem Bl We, however, can
easily prove it if j = ¢+ 1. See [2I, Lemma 5.4].

Corollary 3.2. With the same notation as Theorem[31] we have
(e, yu) M+ af o M 2 = (g1 ya) M+ a7 a7 M qia

or any positive integers 2 < i < j < d, ni—1, ..., nj and a subsystem of parameters
> J
Y1, oov, Yu Jor M/q;—1 M.

Proof. We may assume that n;,_; = 1 by using (E;;). Then we have
(Y1, y) M a7 - q M iy (g1, yu) M @i + g7 g M

by applying (C;;) to a subsystem of parameters yi, ... , Yu, €;—1 for M/q; M. Since
Xi1, ..., Tq is a d-sequence on M/(y1,...,yu) M,
(Y1, )Mz Sy, yu)M: qizq.
Therefore
Qi1 {[(y1, - y)M a7 q M ia} C (g1, y) M A a7 g M.
The opposite inclusion is obvious. [l

We also need the following corollary for our Macaulayfication.

Corollary 3.3. With the same notation as Theorem [Tl we let k be an integer
such that 1 <k <d and y1, ..., yu a subsystem of parameters for M /qi.M. If

[(y17 tee ayu—l)M+ qu]: Yu = (y17 s ,yu—l)M+ qu7
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then
(3.3.1) Wy Yu1) My = (Y1, Yu—1)M

and

(3.3.2) [(y1s---,Yu—1,Zx | AEA)M +q" - --q;”M]: Yu
=W Yu-1, oA [ANENM + g7 - q)' M
for any positive integers k <i < j, n;, ..., n; and A C{k,..., i —1}.
Proof. First we show that
(3.3.3) (Y1, s Yu1, A | AE MM yy = (Y1, -+ s Yu—1,Zx | A EAM

forany A C {k,...,d}. We work by descending induction on the number of elements
in A. If A = {k, ..., d}, then there is nothing to prove. Assume that A # {k,...,d}
and let [ be the largest element of {k,...,d} \ A. Let a be an element of the left
hand side of (B:3.3). Then

a€ (i, Yu-1,20,2x | N EA)M: y,
=W Yu-1, T, T | A EA)M
by the induction hypothesis. We put a = x;b + ¢ with
ce (i, Yu-1,%x | A€ A)M.
Since x; € a(M/qi+1 M) or x; € a(M),
be (Y1, Yu-1,%x | A € A)M: yy1y
= WY1, s Yu—1,TA | A EA)M : x;.
Therefore we have a € (y1,...,Yu—1,2x | A € A)M. By letting A = (), we obtain

B31)

Next we prove (B3.2)) by descending induction on i. We may assume that n; =
.-+ =mn; = 1 by using (B;;) of Theorem B.1 and (B31). In the case of i = j, B3.2)
is included in B33).

Assume that ¢ < j and let a be an element of the left hand side of (B3.2). By
the induction hypothesis, we have

a€ (Y, Yu1, T 2x | A EN)M + g7 - q; M]: y,
= (Y1, Yu—1,Ti, Tx | A E A)M+qf+1-~-qu.
Therefore
a€ (Y1, s Yu—1,2x | A EN)M + ;- q; M]: yy
AW, Yua1,Tisox | N E A)M + g7, - - q;M]
=[(y1, - Yu—1,2x | NEANM +q;---q; M]: yo N&;: M
W Yu, o [ AENM a7y - M
=zi{[(y1, - Yu-ts oA [N EA)M + Qi1 - q; M]: yu}
Wiy Yumt, o | A ENM +qfy - M
= (Y1, Yu—1,Zx | AEA)M +q;---q; M.

Here we used (D;;) of Theorem B.Iland the induction hypothesis to show the second
and the last equations, respectively. O
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4. MAACAULAYFICATION OF AFFINE SCHEMES

In this section, we construct a Macaulayfication of the affine scheme X = Spec A
if A possesses a dualizing complex and is equidimensional. In this case the non-
Cohen-Macaulay locus V' of X is closed and A has a p-standard system of param-
eters of type s where s is an arbitrary integer such that dimV < s < dim X.

Let b be an ideal of A and M an A-module. We agree that R (b) denotes the
Rees algebra @, .., b™ and R (b) denotes the R (b)-module €p,,., b" M.

Theorem 4.1. Let M be a finitely generated A-module of dimension d > 0 and

T1, ..., T4 a p-standard system of parameters of type s for M. Let
9 = (@i, ..., Ta);
bsi =i qst1;

Ys; = Proj R (bs,)
and Fs; be the coherent sheaf [Ry (bs:)]” on Y, for all1 <i<s+1. Then
(4.1.1) depth(Fsi)p >d—t+1  for all closed points p on Ys 4

forall1 <t < s+ 1. In particular, Fs 1 is Cohen-Macaulay.
Furthermore, if M /q:M is Cohen-Macaulay for some 1 <t < s+ 1, then Fs, is
already Cohen-Macaulay.

Corollary 4.2. We assume that A is equidimensional and d = dim A > 0. Let

T1, ..., xq be a p-standard system of parameters of type s for A and put
9 = (@i, ..., Ta);
bsi =i qst1;

Y =Proj R (bs;)

forall1 <i<s+1. Then the blowing-up fs1:Ys1 — X = Spec A is a Macaulay-
fication of X.

If A/q; is a Cohen-Macaulay ring for some 1 < t < s+ 1, then the blowing-up
fst: Yse — X is a Macaulayfication of X.

With notation above we obtain the sequence of blowing-ups, mentioned in Sec-
tion [,

9gs,1 9s,2 gs,s—1 9gs,s f.;,s+1

Ys,l }/372 }/s,s }/s,s-i-l
where the center of f; 511 1S 4s410x and the one of g, ; is q;Oy,
See [19, pp. 132-133]. Furthermore, q;Oy, , is invertible.

To prove Theorem [4.1] we show the following lemma, by induction on ¢.

iy forall i < s.

Lemma 4.3. Let xy, ..., xq be a subsystem of parameters for M, where 1 <t <
d=dim M. We fix an integer s such thatt —1 < s < d and put

qi = (zi,-..,2q);

b; =qi - qeg1;

Y; = Proj R (b;)
forallt <i<s+1. Let F; be the coherent sheaf [Ry (b;)]” on'Y; for allt <i <
s+ 1. If the subsystem of parameters satisfies the following three conditions:

1. the sequence x;, ... , x4 is a d-sequence on M /(x\* | X € A)M for any positive
integers t <i<s+1,mny, ..., ni—1 and AC{t,...,i—1}
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2. the sequence Toy1, ..., xq is a dT-sequence on M/(z\> | X € A)M for any
positive integers ny, ..., ng and A C {t,...,s};
3. the equality

(@ [ A€ A)M + b7 M]: 27 = [ | A€ A)M + 67 M]: q;_

holds for any positive integers t +1 < i < s+ 1, ng, ..., n; and A C
{t,...,1 =2},

then

(4.3.1) depth(Fy)p >d—t+1 for all closed points p on Y.

It should be mentioned that the first and the third conditions say nothing if
t=s+1.

Proof. First we note that (F;), # 0 and dim(F;), = dim M for all closed points p
onY; and t < ¢ < s+ 1. Indeed, let p be an associated prime ideal of M such
that dim A/p = dim M. Then p* = @,.,p N b} is an associated prime ideal
of Ryr(b;): See [31, Proposition 1.1 (iii)]. Since z;, ..., x4 is a subsystem of
parameters for A/p, and hence is analytically independent on A/p, mb} contains
p N b} for all n > 0. That is, all closed points on Y; contain p*. Furthermore
dim Ry (b;) = dim R (b;)/p* = dim A/p 4+ 1 [31], Corollary 1.6].

Assume that t = s+ 1 and let R = R (bsy1). Then bsi1 = qs41 is generated by
a dt-sequence on M of length d — s. We find that, for all 0 < i < d — s, the i*!
local cohomology module of Ry (bs41) with respect to qs+1R + R4 is annihilated
by some power of Ry by [15, Proposition 4.9], whose brief proof is included in
Appendix [A] By passing through the completion of A and using [8, Satz 1], we
obtain (E3T)).

We note that we can obtain ([3.1]) without the theory of d-sequences if s =
d — 1. Indeed, it is easy to see Yq = Spec A/H? (A) and Fq = (M/HY (M))~.

Next we assume that ¢ < s. Then Y; is the blowing-up of Y;;; with respect to
q¢Oy,,,. Let g be a closed point on Y; and p its image on Y;1 under the blowing-up
Y; — Yiq1. Then p is also a closed point. Let B = Oy, p, N = (Fi11)p and n be
the maximal ideal of B. Since q5410y,,, is invertible, q,41 B is generated by z; for
some t + 1 <1 < d. In this case x; is a regular element on B and on N. Thus we
have the expression of Oy, ; and (Fi)4:

((E axi)nN
(43.2)  Ov,g = Blai/aw sz, (Fila=| U tT
Ln>0 t 4 (n, f(zi/z))
or
| (J) ax')nN_
(4.3.3) Ovig = Blat/@i](n,f(@ijzi)),  (Ft)g = U : :c:L

Ln>0 v (n,f(ze /i)

where f is a monic polynomial with coefficient in B.

We compute the local cohomology HY,(N) of N with respect to q;. Since q;B =
(zi,21)B, H,(N) = 0if ¢ > 2. Furthermore Hy, (N) = 0 because x; is regular on N
Let .7-'521 be the coherent sheaf [Ry;,,1p7 (be41)] ™ on Y1 and NO = (ft(i)l)p.
Then the induction hypothesis says that

depth N, depth N > d — ¢,
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There exists a short exact sequence

(4.3.4) 0— by M : o @ bl M @ by M + 2 M
o oM +0: zib M

n>0 b n>0

The left hand side of (@34 is annihilated by q; because of (B). On the other hand,
x; is regular on the right hand side of (£34)). Indeed, if ¢ < s, then z;, ..., x4 is
a d-sequence on M /zLM and hence

af Mo N [whM + 6 M) C abM: a0 (2, 24, ..., wa) M = 2} M.
If i > s+ 1, then 2541, ..., 74 is a d*-sequence on M/x! M. Therefore
ahM: oz N2 M + 6] M| C 2l M: 2N (2, 2541, ..., 20) M = 2L M.
By taking local cohomology with respect to z; of (4:3.4]), we obtain

bR M bR M + 2t M
1 t+1 _ 7l t+1 t
(4.3.5) H; (@ T ) = H}, <€B BTV )

x
n>0 "'t

t+1 n>0
and
(43.6) wo (@@ P ) gy bl
T\ wibp M o b1 M 40 e

Taking localization of ([E31) at p, we have
HY (N/ziN) = H! (ND) = injlim N /2 N O,

The spectral sequence EY? = H? HI (-) = H

(w2 (=) induces a short exact

sequence
(4.3.7) 0 — Hy HY ' (=) — H{,, (=) — Hy, HE (=) = 0.
Hence

HZ (N) = H, H,, (N)
= Hj (injlim N/z}N)
!
= injlim H} (N/z}N)
k ;
= injlim H} (N®)
k ;
=injlim N® /2" N O,
m,l
Since z; is regular on N® and depth N > d — ¢,
HPH? (N) = ingnlilm HP(NW /zmNO) =0
forp<d—t—1.
Next we compute Hy (N). Since ¢, ... , x4 is a d-sequence,
0: pree Vb M CO: ppg N qeM =0

if n > 0. Therefore z; is regular on @, , b, ; M and hence on N, that is HY (N) =
0. From (E37), we have

H, (N)=H] H, (N) = inj llim HY (N/z'N).
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Taking localization and direct limit of (A3.0)), we find that thét (N)=0.

We consider the spectral sequence EYY = HYH{, (N) = H]'(N). We already
know that E2? = 0 if ¢ > 2 or ¢ = 0 and that E¥> = 0if p < d —t — 1. Since
depth N >d —t, EE' = HEY'(N) = 0 for p < d — t — 1. Thus we obtain that

HYHI (N)=0 ifg#1,2orp<d—t—-1
and
qH,,(N)=0.

By using this, we compute the depth of (F),. We assume that it has the
expression (E32). Let L = N[T]/(x¢T — ;) N[T], where T is an indeterminate and
N[T)=B[T]® N. Then

AR N

U % ~ L/HO (L).

n>0 Ty
Taking local cohomology with respect to gq; of the short exact sequence

0 — N[T)"=" N[T] - L — 0,
we obtain an exact sequence
0 — Hy, (N[T]) — Hg, (L) — Hg,(N[T]) — HE, (N[T]) = 0.

Recall that Hy, (N[T]) = Hy,(N)® B[T] is annihilated by q; and hence by ;T — ;.
By using an exact sequence

0— H}(T)Hgil(_) - Héun,f(T))(_) - H?(T)Hg(_) — 0,
we get H(pn f(T))Hgt(N[T]) =0ifq #1, 2o0r p < d—t. Indeed, the monic
polynomial f(T') is regular on HYH{, (N[T]) = (HYH{,(N)) ® B[T]. Hence we
obtain that

H H; (L)=0 forp<d-—t.

p
(n, f(T))

Taking local cohomology with respect to q:B[T] = (a4, 2T — x;)B[T] of a short
exact sequence,

0— HY(L)—L— L/H) (L) — 0,
we have
H, (L/HS, (L)) = Hy (L),
that is,
P
Hio pr)
Of course, H,(L/HY (L)) = 0 if ¢ # 1. The spectral sequence

H;t(L/HQ(T)t(L)) =0 forp<d-—t.

B} = an,f(T»Héﬂ (L/HZ, (L) = H(T:l,f(T))(L/Hgt (L))
says that depth(F;); > d —t + 1. In the case of (L33]), we can also show that
depth(F)q > d —t + 1. The proof is completed. O

Now we return to Theorem E1I.
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Proof of Theorem [{.1} Because of Proposition [Z8, Corollaries ZI0 and B2] the
subsystem of parameters xy, ... , x4 satisfies the assumption of Lemma E3] for any
1 <t < s+ 1. Hence we obtain [@II).

Next we assume that ¢t > 2 and that M/q:M is Cohen-Macaulay, that is, z1, ... ,
x4—1 is a regular sequence on M/q; M. Corollary[33]says that z1, ... , z;—1 is a reg-
ular sequence on M/ b% M for any n > 0 and M itself. Taking Koszul cohomology
of the short exact sequence

0 — R (bsy) > @ M, — @ M/b2,M — 0
n>0 n>0

where M, denotes a copy of M, with respect to =1, ..., x+—1, we obtain that
H'" 21, ..,z Rar (bs0)) = Raryan ey (Bsit)
and
Hi(:cl, coy 13 Rar (bs4)) =0 foralli <t—1.

Let 75, = [Rum/(er,....zs )M (bst)]” and p be a closed point on Y ;. Two equations
above mean that 1, ..., 2¢—1 is a regular sequence on (Fs ), and

(Féodp = (Fatdp/ (@1, w01) (Fot)p-

Lemma [4.3] also assures us that depth(F; ), > d —t + 1. Therefore F ; is Cohen-
Macaulay. The proof of Theorem FTlis completed. O

Proof of Corollary[4.2, We already know the depth of Y, ; at each closed point.
Since dim A/bs; = s < dim A, there exists no minimal prime ideal of A contain-
ing bs;. Therefore fs; is birational. Of course, the projective morphism f; is
proper. Thus the proof is completed. O

Next we consider an R (b2;,,)-module Ry, . (6. ,\ 0 2 (02,41) When s > 0.
It is well-known that Y, ;41 = ProjR (b2, ). We identify them.

Lemma 4.4. With the same notation as Theorem[{-1], let G, ; be the coherent sheaf
[Ro, i i1[be i1 M: 2] (bg,m)]” on Ys ip1 for all1 <i<s. Then

(4.4.1) depth(Gst)p > d—t+1 for all closed points p on Yy 141
forall1 <t <s. In particular Gs 1 is Cohen-Macaulay.

Proof. We first show that z;, x441 is a regular sequence on biﬁﬁ[bS,HlM: x¢] for
all n > 0. Indeed,

0: MT N b?z;i[bS,tJrlM: xt] Q 0: MT N th =0.
Let a be an element of b?ﬁﬁ[bs,mM: x¢] such that
Tt410 € xtbg;rz;ﬂhs,t_HMt J,‘t].

Then xia € x2M: 2441 N bggﬂM C x?M because zy11, ..., Tq is a d-sequence
on M/x}M. Let zia = x?b. Then

be bgz-‘rlM: (Et2 = bgg;%[bsprlMi (Et] + 0: Mt
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because of Theorem Bl Hence
a€ {xtbzﬁﬁ[bs,tHM: xt] +0: prae} N b?rzﬁM
= xtbg,?ﬁ[bs,t_HM: xt] +0: prae N b?rzﬁM
= xtbgﬁﬁ[bs,tﬂM: x4].
Next we consider the short exact sequence of R (bg}t +1)-modules
(4.4.2)

0— @ ngJrlM — @ biﬁ;}[b&t_,_lM: x| — GB

n>0 n>0 n>0

b2 105 e 1M : a4

— 0.
ngHM

Since the right hand side of (£4:2) is annihilated by q; and zy, 2441 is a regular
sequence on the middle term of ([£4.2]), we obtain that

HE,(6D,.062%, M) if > 2
Hq b2’n71 b M: T — qt n>0 vs,t+1 - &
9 <ne>90 sig1lbs,i41 t]) {0 ifg=0or 1.

Let p be a closed point on Y; ;1. Then by taking localization of the equation above
at p, we have
Hgt((}—s,wl)p) if ¢ > 2;

Hgt((gs,t)p) = {0 if qg=0or 1.

We know that H{,((Fs41)p) = 0 for ¢ > 2 and H‘?Hi((fs,t—kl)p) = 0 for all
p < d—t—1. Here n denotes the maximal ideal of Oy, ,,, ,. The spectral sequence
EY = HYH{ (—) = HJ'(—) says (EZT]). O
Corollary 4.5. With the same notation as Corollary[].2 we put
Zsi = Proj R (bsit1[bsiv1: xi])

forall1 <i<s. Then
(4.5.1) depthOgz, ,, >d—t+1 for all closed points p on Z,
for all 1 <t < s. In particular the blowing-up Zs1 — X is a Macaulayfication
of X.

The schemes Z; s and Z; s_1 were essentially given by Brodmann [4] Satz 9.2
and the author [21, Theorem 5.6], respectively.
Proof. Since

b?,t+1[bs,t+15 zy|" C b?,tJrl[b?,tJrl: z'] C bizﬁ[bs,tH: 4]

for all n > 0, bz,tﬂ is a reduction of by ¢41[bs41: 2¢]. Hence we obtain a finite
morphism hg s Zsy — Y5 441. Let p be a closed point on Y ;1. Then Lemma 4]
assures us that depth((hs,:)«Oz, ,)p = d —t+ 1. Hence we obtain (£5.1]). We can
show that the blowing-up Zs; — X is birational in the same way as Corollary f22]

O

These Macaulayfications are different from each other. We find it by comparing
the height and the analytic spread [23] of centers.

Lemma 4.6. With the same notation as Corollary [{.3, the analytic spread of b, ;
is equal to d—i+1 for all1 < i < s+ 1. Furthermore, the one of bs it1[bs i+1: 4]
is equal to d — 1 for all 1 < i <s.
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Proof. The ideal b, ; is generated by monomials of z;, ..., x4 of degree s —i + 2.
Since z;, ..., xg4 is analytically independent,

length(q} /mq}’) < length(b?,/mb?,) < length(q} """ /mq} ")

3
for all n > 0. Thus the first assertion is proved.
Since bi,i+1 is a reduction of by ;11[bs 41: x;], they have the same analytic
spread. O

5. MACAULAYFICATION OF NOETHERIAN SCHEMES

We prove Theorem [Tl in this section. First we consider a Macaulayfication of
quasi-projective schemes.

Theorem 5.1. Let A be a Noetherian ring possessing a dualizing complex and X
a quasi-projective scheme over A. Then there exists a proper morphism f: Y — X
with an open dense subset U of X such that

1. Y is Cohen-Macaulay;

2. f~YU) is dense in Y;

3. fly—rwy: f7HU) — U is an isomorphism.
That is, f is a Macaulayfication of X.

If finitely many Cohen-Macaulay points p1, ... , pn on X are given, then we may
choose f and Y such that

4. U contains p1, ..., Pn-

Since a quasi-projective scheme is an open dense subscheme of a projective
scheme, we may consider only projective schemes without loss of generality. Let
R = @,,-o Rn be a Noetherian graded ring such that Ry has a dualizing com-
plex and R is generated by R; as an Rg-algebra. We give a Macaulayfication of
X = ProjR. Of course, we assume that X is not Cohen-Macaulay and let V be
the non-Cohen-Macaulay locus of X.

In this case R possesses a dualizing complex D*® with codimension function ¢ as
a graded ring.

The following lemma is an analogue of Lemma 2-4 and can be proved by the
local duality theorem.

Lemma 5.2. Let M be a finitely generated graded R-module and p a homogeneous
prime ideal of R.
L. Ifp 2 [];5,; ann H’ (Hom(M, D*)), then t(p) > i;
2. Assume that t(q) = 0 for all minimal prime ideals q of R. Then M, is
Cohen-Macaulay if and only if p 2 Hj>0 ann H7 (Hom(M, D*)).

Since Proj R/HIO%+ (R) & X, we may assume that HIO%+ (R) = 0. Furthermore,
we may assume that ¢ is constant on the associated prime ideals of R. Indeed, let
(0) =q1N---Ngqyp be the primary decomposition of the zero ideal of R. Of course,
q; is homogeneous. For any integer ¢, let t; be the intersection of q; such that q; is
an isolated component and t(,/q;) = 7. Then

g: HProj R/v, — X
i
is birational and proper. Indeed, v; = R for all but finitely many i, hence g is a
finite morphism. On the other hand, g is an isomorphism on the Cohen-Macaulay
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locus X \ V of X because a Cohen-Macaulay local ring is equidimensional and has
no embedded prime ideal. If each Proj R/t; has a Macaulayfication, then X also
has a Macaulayfication. Therefore we assume that ¢(p) = 0 for all associated prime
ideals p. In this case t(p) = htp for any prime ideal.

Since X has a dualizing complex, dim X < oco. Let d = dim X and s be an integer
such that d — codim(V, X) < s < d. It should be mentioned that d — codim(V, X) #
dim V in general.

The following lemma is an easy consequence of prime avoidance. See the proof
of Theorem 2.7

Lemma 5.3. With notation above, there exists a sequence z1, ..., zq of homoge-
neous elements in R satisfying the following statements:

1. if p is a minimal prime ideal of R/(zi,...,z4)R but not containing Ry, then
htp=d—i+1;
2. Zsq1, oo 2d € [[js0ann H7(D®);

3. 2z € [[j5 4 ;ann HIi(Hom(R/(2i41,--.,24)R, D*) for all i < s.

Let b = Hfill(zl, ...y2q) where z1, ..., zq4 is a sequence obtained above and
f:Y — X Dbe the blowing-up of X with respect to b~ . We show that f is a
Macaulayfication of X. Since no minimal prime ideal of R contains z4 and hence
b, f is birational and proper.

Let ¢ be a closed point on Y and p C R its image under f. If b Z p, then
[[;~0ann HI(D*) € p. Hence Oy,q = R, is Cohen-Macaulay.

Assume that b C p. Then 2z, ..., 24 € pand z;_1 ¢ p for some 1 <t < s+ 1,

where we set zg = 1. Choose an element y € Ry \ p and let z; = zi/ydegzi. Then

1. dim R(p)/(l‘t, .. ,J,‘d)R(p) = dim Ry — (d—t+1);
2. Tsy1, ... ,24 € a(R(p));

3. x; € a(Rpy/(wiy1, ..., 2a)Rpy) for all t <i < s.

4. a(R(p)/(a:t, .. ,xd)R(p)) = R if ¢t > 1.

Hence z¢, ..., wq is a subsystem of p-standard system of parameters for R, and
Rpy/(x¢,...,2q4)Rpy is a Cohen-Macaulay ring if ¢ > 1. Since

s+1
bR(p) = H(:L'“ NN ,xd)R(p),

i=t

Corollary B2 says that Oy, is Cohen-Macaulay.
Let p1, ..., py, be finitely many Cohen-Macaulay points on X. Then we may
choose zg such that z4 € p1 U---Up,. Thus the proof of Theorem BEIlis completed.

Proof of Theorem [l Let A be a Noetherian ring possessing a dualizing complex
and X a separated, of finite type scheme over Spec A. By using Chow’s Lemma [I6]
Théoreme 5.6.1], we obtain a birational proper morphism X’ — X such that X’ is
a quasi-projective scheme over Spec A. Theorem [5.T] assures us that there exists a
Macaulayfication Y — X’ of X’. The composition ¥ — X’ — X is a Macaulayfi-
cation of X. O
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6. SHARP’S CONJECTURE
We divide Theorem into two statements.

Theorem 6.1. Let A be a Noetherian ring possessing a dualizing complex with
codimension function t. If

1. t(p) — htp is locally constant on Spec A;
2. A has no embedding prime ideal,

then A is a homomorphic image of finite-dimensional Gorenstein ring.
Of course, an integral domain satisfies conditions (1) and ().

Proof. Let D® be a dualizing complex of A. If Spec A is disconnected, then A is
a direct product of Noetherian rings which also satisfy (Il) and (). Therefore we
may assume that Spec A is connected. In this case, condition ([I)) is equivalent to

1’ A is equidimensional for all maximal ideals m of A.

We assume that ¢(p) = htp for all prime ideals p of A instead of ().

Let V be the non-Cohen-Macaulay locus of X = Spec A. We work by induc-
tion on s(A) = dim A — codim(V, X). Let d = dim A and s = s(A). It should
be mentioned that a Noetherian ring possessing a dualizing complex is of finite
dimension.

Assume that s > d, that is, A is Cohen-Macaulay and let K = HY(D®). Then the
idealization A x K is a Gorenstein ring and A is its homomorphic image. Indeed,
a prime ideal of A x K has an expression p @& K where p is a prime ideal of A.
Since K, = H%(Djy) is the canonical module of Ay, [A X K]yax = Ap X K, is a
Gorenstein local ring [25].

Next we assume that s < d. In the same way as the preceding section, there

exists a sequence x1, ..., rq of elements in A such that
1. ht(xsy...,zq) =d —i+1 for all 4;
2. Tot1, ..., Ta € [[j50ann H/(D®);

3. x; € [[5q_; ann HY (Hom(A/(zi11, . .., 2q), D®)) for 1 <i <.
Let b = [ (2i,...,24) and R = R (6% *~1). Then a finitely generated A-

i=1
algebra R h;s a dualizing complex.

We show that R satisfies (1’). Let 9t be a maximal ideal of R. Since all minimal
prime ideals are homogeneous, we may assume that 97 is homogeneous. Let m =
MNA. Then M =mR+ R,. We may assume that A is a local ring with maximal
ideal m by passing though the localization. If b Z m, then Ry = A[T](n 7, where T
is an indeterminate, and it is equidimensional. Assume that b C m. Let p1, ..., pm
be the associated prime ideals of A and p} = 6P, 674=s=Dp,. Then p}, ..., p,
are the associated prime ideals of R and dim R/p_;k =dimA/p,+1=d+1 for all 4.
See Proposition 1.1 and Corollary 1.6 of [31]. In particular, we find dim R = d + 1.
Proposition 1.1 of [31] also assures us that R satisfies ().

Next we show that R is Cohen-Macaulay or s(R) < s. Assume that R is not
Cohen-Macaulay and let I3 be a prime ideal of R such that Rgq is not Cohen-
Macaulay and ht P = (d + 1) — s(R). Then P must be homogeneous. By the same
argument as the preceding section, we have 8 D b *" 1R+ R,. Let p = L N A.
Then P = pR + Ry and htP = htp + 1. Since p O (sy1,.-.,2q), the height
of p must be at least d — s. If htp = d — s, then x5 ¢ p. Since i1, ..., T4
is a d*-sequence on A,, Ry = R (($s+17 e ,xd)d’sflAp) is Cohen-Macaulay. See
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[T5, Theorem 7.11] or Theorem [AJ5]in appendix [Al Tt is a contradiction. Hence
s(R) =(d+1) —htP =d—htp < s. In particular, if s = 0, then R must be
Cohen-Macaulay.

The induction hypothesis says that R is a homomorphic image of a finite-
dimensional Gorenstein ring and hence A = R/R, is also. Thus the proof is
completed. O

Corollary 6.2. A Noetherian local ring possessing a dualizing complex is a homo-
morphic image of a Gorenstein local Ting.

Proof. Let A be a Noetherian local ring possessing a dualizing complex. By [Il
Lemma 3.1], we may assume that A satisfies Serre’s (S2)-condition. On the other
hand, Ogoma [24, Lemma 4.1] showed that such a ring is equidimensional and has
no embedded prime ideal. Therefore A satisfies the assumption of Theorem[E1l [
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APPENDIX A. dT-SEQUENCES

In this appendix, we select a few results from [I5]. The author would like to
thank Professor Shiro Goto and Professor Kikumichi Yamagishi for permission to
refer to their results.

Let A be a commutative ring, M an A-module and z1, ..., s a dT-sequence
on M. We put q = (z1,...,zs).

Theorem A.1 ([15, Lemma 2.2]). Assume that s > 2. For any integers ni, ... ,
ns—1 > 2, we have

(20, 2 )Mz = Z <H x;\”1> [(zx | A€ A)M: z4].

AC{L,..s—1} \AeA
Here we set (zx | A € A) = (0) and [[ycp 25" =1 if A= 0.

Proof. We work by induction on s. Let a € 7'M : x5 and put x2a = z]*b. Then
b € xoM: x' = xoM: xy1. If we put x1b = 220, then o/ € 21 M: x5 and a —
xg“_la’ €0: pxo. Hence a € :c;“_l[le: o] +0: prxo.

Assume that s > 2. Since x5_1, z, is a d*-sequence on M/(z}*,...,z.°5* )M,

(... ,x?i‘ll)M: T = x?j‘ll_l[(x?l e, x?j‘;,xs,l)M: xs)

+ (@7, )M .
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Since z1, ..., Ts_2, Ts is a dT-sequence on M/zs_1 M and on M itself, we obtain

(.2 )YM g

=gl Z (H T\ 1) T 1,Tx | X € A)M: 2]
s—2}

AC{1,...,s— AEA

+ Z (1_[913"A 1) (x| A€ A)M: x4]

AC{1,...,s—2} \XEA

= Z <1_[x"A 1) (x| A€ AN)M: 4]

AC{1,...,s—1} \A€A

by the induction hypothesis. O

Theorem A.2 ([I5, Theorem 2.6]). For any integers 1 < k < s, n > 0 and
niy, ..., ng > 1, we have

k
(Ak) ($?1,...,$Zk)Mﬂan = forq"—mM

i=1

Proof. We prove (Aj) and

(27, 2 )Mz + 2 M N g" M
k—1
= foq"‘”M +apq" M
(By,) i=1

+ Z (H:{:YM 1) (E)\|>\EA)MZ{E]€]
k—1}

ACHL,.. k- AEA
Yaea(ma—1)2n

for 1 < k < s by induction on k. Here we set >, (na —1)=0if A = .

First we show (A;) by induction on n;. Lemma says that -1 M N q"M =
xlq”*IM for all n > 0. Assume that n > n; > 1 and let 27'a € q"M. Then
xila € "Mng"M = e Lyn—mtipg by the induction hypothesis. Let 7
T Lo! with o € q"- ”1+1M Then z1a—a’ € 0: pyz1 NgM = 0, that is, a’ = 4.
Therefore a’ € x4 M N q" ™M = 21q""™ M and hence z]*a € 2 q" "™ M. If
ny > n, then (A;) is trivial.

Next we show (Bj). If n = 0, then it is trivial. Assume that n > 0. Let a be
an element of the left hand side. Then x1a € 22M N q""1 M = 229"~ 1 M. If we
put xia = xlb with b € g™~ M, then a — z1b € 0: prz1 N q"M = 0. Therefore
a€xq" M.

Assume that & > 2. We show (Bj) by induction on n. If n = 0, then (Bj)
coincides with Theorem [A] Let n > 0. If n; = 1, then (Bj) comes from (Bj_1)
applied to a d¥-sequence x1, ..., T; 1, Tit1, --. , Ts on M/x; M. For example, if
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ny1 = 1, then

(@1, 252, .. 2" YM 2 2 + 2 M) N [z M + g™ M]

k—1
=x1M + Z xthn—n,M + xqukilM
=2
+ Z (H T 1) (1,20 | A € A)M = ).
AC{2,...k—1} \XeA

Yoaeama—1)>n

Taking intersection with ™M, we obtain (B;). Thus we may assume that nq, ...,
ng_1 > 2. Let a be an element of the left hand side of (By). Since a € q" "' M,

a € [(=7,.. xk 1M x4+ 2 M) N Ng" M
1

= x?"qnﬂ”flM + xkqnsz

+ Z <Hx”* 1) (x| A€ A)M: xi).
AC{L,...k—1} AEA
Yoaea(ma—1)>n—1

We put

a=b+ Zk . (HW 1)

AC{1,... k— AEA
Yaealna—1)>n—1

with b € Ez Lt IM g2 M and ey € (zn | A € A)M:oxy. If
Y oeamy —1) = n — 1, then (H/\eA:cz*fl)cA € (a3 | A € A)M. Indeed, by
renumbering 1, ..., Tx_1, we may assume that A = {1,...,p}. Then

a€q"MC (21, 2p", Tpy1, ..., ) M.

Let A" C {1,...,k — 1} such that >y, (nx —1) >n—1. If A" C A, then

D a-1) <Y (ma-1)=n-1,

AeN AEA

which is a contradiction. Therefore if A’ # A, then A’ N{p+1,....k —1} # 0

and hence ([[yca/ ¥ Near € (Tpta,-- ., wp—1)M. On the other hand, it is easy
to show that (z]*~* R T = (z*, ..., 2p" )M : 2. Therefore.
(@i ea =a—b— Y (H ) x
A#A \AEA
€ (z .zt ) Mo 0 (2 T, Ts) M

= (2}, .. 7 ) M.
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n
Here we applied Lemma 22 to a d-sequence 1, ..., Tp*, Tk, Tpt1, --- » Tho1,
Tk+1, --- , Ts on M. Thus

S (Hx> TS (Hw)

Paea(ma—1)>n \A€EA Paea(ma—1)=n—1 \X€A
€ (@, ... o an) M N gt M
= (2, ... ,mZi’ll,xk)M
N[g"M + z M| N q" M

k»_
[Zm ‘q”""'M—i—J;kM] ng"M
i=1

-1
Zx?‘q” "M+ xpq” M.
=1

Here we applied (Ax_1) to a d*-sequence z1, ..., Th_1, Thil, --- , Ts o0 M /2 M.
Thus (By) is proved.

Next we show (Ag) by induction on ny. If ny = 1, then we obtain (Ay) by
applying (Ag_1) to a d™-sequence 1, ... , Tx—1, Tk41, --- , Ts o0 M/x) M. Assume
that ny > 1 and let a € (27*,...,2.*)M Nq"M. Then

a€ (@, o e M N gt M
k—1
NG N—n; ng—1 n—nmr+1
;g M+ ax* = g™ M.
i=1

Let a=0b+ xZ’“ c with b € Zz Lg% M and ¢ € ¢ T1M. Then

ce (..., x)")M: xZ’Fl.
If we put z}* e = 2}*¢ 4+ d with d € (27", ...,x.*7' )M, then
c—apd € (.2 )M !
= (xi“ LT M g
Therefore
ce (z,. .. mZ" 1Mz + x M.
By using (By), we obtain

m
—

c T, xZ" 1M x4+ 2 M N gL

T
]

n; n—np—n;+1 n—mg
g M + apq™ "™ M
1

+ > (H %) (23 [ A € A)M: ]
k—1}

AC{L,... k- AEA
Yreama—1)>n—ng+1

<.
Il

and hence a = b+ 'ce Y8 aMiqnm M. O
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From now on, we assume that 1, ... , T, is a d"-sequence on A itself. Theorems
[A3HA Flstill hold if A is not Noetherian. We, however, assume that A is Noetherian
for the sake of simplicity. We compute local cohomology modules of the Rees algebra
R(q) = A[qt], where ¢ is an indeterminate. Let G(q) = R(q)/qR(q).

Theorem A.3 ([15, Proposition 4.3]). If p < s, then
(A3.1) HEG@) =0 forn #—p,
In particular HY,(G(q)) = [HY,(G(a))]o = 0: az1.

Proof. We show that

[H(Z;lt,___7xqt)(G(q))]n =0 ifp < qandn # -p
for all 1 < ¢ < s by induction on ¢. Let at® € HY (G(q)), that is, a € g and
zta € q"HF! for some | > 0. Then zla € (z}) N g™t = 2l g™+ Let 2la = zld’
with o’ € q**'. If n > 0, then a —a’ € 0: 41 Nq = 0, that is, af® = 0 in
G(q). If n =0, then a € 0: 421 + q. On the other hand, if @ € 0: 421 + ¢, then
@€ HY ,(G(q)). Hence

Hglt(G(q)) =0:21+9q)/q=0: z;.

Of course, [H? ,(G(q))]n =0if n < 0.
Assume that ¢ > 1. From the spectral sequence F3° = H! H? )(—) =

qt (xlt,...,xqflt
n _ 3
H(zlt,...,zqt)( ), we obtain an exact sequence

1 -1 0
0— qutHg)xlt,...,xq_lt)(_) - Hg)xlt,...,xqt)(_) - qutHéD;clt,...,:cq_lt)(_) — 0.
The induction hypothesis says that x4t annihilates Hf;lt . 71t)(G(q)) for all p <

q — 1. Therefore, if p < ¢ — 1, then
H(pgclt,___xqt)(G(q)) = ngtfolt7...,xq_1t)(G(q)) = Héuzclt,...,:cq_lt) (G(q))

is concentrated in degree —p. Moreover
HE (G(a) = H H{. (G(a))

(z1t,...,xqt) (z1t,...,xq—1t)
. G(q)
ZlnjllmHg ( m(qg—1 )
e\ (G, warmata) )

<z l
Lo (g - 1),

)
— inilim ((xlt)m, ey (l‘q_lﬁ)m)G(q
N JT}L LlJ ((xlt)ma"w(xQ*lt)m)

Let atntm(a=1 € ((x1t)™, ..., (1,—1t)™)G(q): (x4t)!, that is, a € q"T™~1) and

xfza € (a7, ..., xf;il)q"+m(q_2)+l + qrrmla= D+
If we put @ = b+ c with b € (27,...,20" )g" ™=+ and ¢ € qntma=DHH+
then

ce (@, . zyt g, xé) N q”””(qfl)HJrl

_ ((ET, o 7:CZZI)qn—i-m(q—Q)-i-l-i-l + xéqn-i—m(q—l)—i-l.
If we put ¢ = b'+ala’ with o' € (zf",... 2, )qnTma=D+H and of € qnima=D+1,
then at"tm(a—1) = (q — a/)t"*t™(a=1). Therefore, by replacing a by a — a’, we may
assume that zla € (27", ..., 2", )q" "™ (@=2+! Then
ner(qfl).

a€ (@], xy ) wgNg
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If n > —q+1, then qn+M(q71) c (a,... ’x;n_l’xm ...,z,) and hence
a€ (@, . al ) g2, al Ty, Ts) N g rmia=D
= (=", mgty) 0 q"+m(q Y
= (J;T,,xg” 1)q’”rm q-2)

That is, at"tma=1 € ((z1t)™, ..., (xe—1t)™)G(q).
If n < —g+1, then (m 1)(q —1)>n+m(¢g—1)+ 1. Hence we have

a€ (@, ...l ) g

c Y (Hm )%lAewaqu“m(q—”“

AC{T a1} \A€A
by using Theorem [A. 1l Therefore

z1 - xgmta € (@ gl 4 gD DR A g (m (e
_ (x;nJrl, o ;r]rz_+1)qn+(m+1)(q—2) 4 qn+(m+1)(q—1)+1.

Indeed, if k € {1,...,¢g— 1} \ A, then
1 Zgo1[(@a | AN EAN) gl =1 xgoa[(Ta | A€ A): ]
C (23 | A€ A).
Thus we have
(@1t) -+ (wg-1t)at™ @D € ((wat)™ . (wg1t)™ )G ().
This implies that

G(q)
((xat)™, ..., (2g—1)™)G(q

)(m(q - 1))

(18) (o) o ,?((;jjlt)m“)G(UI) ((m+1)(g— 1))
is a zero map in degree n. Taking direct limit, we have [H&,li, rat) (G(q))]n =0
forn < —q+1. O
Theorem A.4 ([I5, Proposition 4.9]). For 1 <p <s,
(A4.1) [qu oy (B(@)ln =0 ifn<2—porn=>0.
Furthermore
(A.42) HY iy (R(@)) = [ ) (R(@))]o = 0: a1,
Proof. We work by induction on s. Let B = A/0: g4x1. Then a1, ..., z, is also a

dT-sequence on B and x; is B-regular. Furthermore,
0—0: a7 — R(q) — R(qB) — 0

is exact because 0: A:cl Ng" = 0if n > 0. Therefore, H?q qr) (R(a)) is concentrated

in degree 0 and [H? Cnnat) (R(9))]o = 0: az1. Thus we obtain (A42]). Furthermore,

if p > 0, then H(q qt)(R(q)) qu at) (R(gqB)). We may assume that 0: 421 =0 to

prove
Ifs=1, then R(q) = A[T] where T is an indeterminate. Since z1, T is a regular
sequence on A[T], H(q qn) (B(a)) = 0.
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Next we assume that s > 1. There exist the following four short exact sequences
0 — R(q) — R(q) — R(q)/z1R(q) — 0,
0= G(a)(~1) == R(a)/n1R(a) — R(a/z14) = 0,
0 — R(q)(~1) = R(q) — R(a)/x1tR(a) = 0,
0 — A =5 R(a)/1tR(q) — R(a/z14) — 0

because (z1) Nq" = z1q" 1. Taking local cohomology, we obtain exact sequences

(A4.3) HE L (R(a) /1 R(q)) — HE, o (R(1) = H, 0 (R(a)),
(A44)  HENG(a)(=1) — HY, o (R(a)/z1R(q)) — H{, L (R(a/1A)),
(A.4.5) HY L (R(q)/21tR(q)) — HE, ) (R(@)(=1) =5 HE L (R(3)),
(A.4.6) HY ™' (A) — HI L (R(a) /21t R(q)) — HE o (R(a/214)).

For 2 < p < s, we have

and

[Hy H(G@)(~D)]n =0 ifn#2-p
by the induction hypothesis and Theorem [A.3 Therefore, if n < 2 —p or n > 0,
then we have

[HYy oy (R(@) /21 R(@))] = 0
by using ([A.4.4). Hence we find that

H?, o (R@)]w <5 [H, ) (R(@)]

is a monomorphism by using (AZ43). This implies [H(pq ot (22(a))]n = 0 because
H g’q qt)(£2(9)) is annihilated by some power of x1 in elementwise.

(R(q)). Since H? ,(G(q)) = HS(A) =0: 421 = 0, we

: 1
Next we consider H, (at)

(q,9t)
have

[H{ g1 (B(@)/21R(a))]n = [H{ g1 (R(2)/21tR(@)]n =0 if n#0
by using (A.4.2), (A.4.4) and (A.4.6). Therefore we find that
[H {q.qt) (R(@)]n = [H{q g (R(a))]n

and
[HY g (R@)]a—1 =5 [HY g0 (B(@))]n

are monomorphisms for n # 0 by using (A.4.3)) and (A.4.5). Hence H(lq a0 (12(a)) =
0 because it is annihilated by some power of z; and x;t in elementwise. O

The following theorem comes from Theorem[A.4 and [T4, Theorem 3.1.1] at once.
Theorem A.5. Let r be an integer such that r > s — 1. Then
HY, oo (R@) =0 for 1 <p<s.
Furthermore
H{y gy (R(@7)) = [H{y gy (R(@")]o = 0: az1.
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APPENDIX B. AN EXAMPLE

We give an example of a Noetherian local ring with large non-Cohen-Macaulay
locus and construct its Macaulayfication according to Corollary We used [3]
to calculate our example.

Example B.1. Let k be a field, A the affine semigroup ring
kla,b,c,d,e?, e3, ade,bde, cde, d*e]

and m the homogeneous maximal ideal of A. Then dim A, = 5 and the non-Cohen-
Macaulay locus of Spec Ay, is of dimension 3. The sequence x; = a*, x5 = b?,
x3 = c*, x4y = d*, x5 = e* is a p-standard system of parameters of type 3 for Ay.

Proof. Since A is a finite algebra over k[a, b, ¢, d, €?], dim Ay, = 5 and a, b, ¢, d, €2
is a system of parameters for A,.
Next we compute a(Ap). We regard A as a graded ring in natural way. Let

C = A/(ad,bd,cd,d?, e*, e, ade, bde, cde, d*e).
Then there exist two short exact sequences of A-modules:
(B.1.1) 0— A—kla,b,c,dye] = C(—1) — 0,
(B.1.2) 0— A/m(—1) — C — A/(d,e?, e, ade, bde, cde, d*e) — 0.
Since A/(d, e?, €3, ade, bde, cde, d*e) = k[a, b, c], we find that
HY(C) = Afm(-1),
HE(C) = HY, , ) (kla,b, )

and
HE(C)=0 ifp#0,3.
Hence
Hy (A) = Afm(-2),
Hy (A) = HE, 0 (Kla, b, ) (1)
and

HE(A)=0 forp#1,4,5.

Thus we have a(Ay) = (d,e?, €3, ade, bde, cde, d?e)m Ay, dim Ay /a(An) = 3 and
d*, e* € a(Anm).

To compute a(Aw/(d*, e*) A ), we take Koszul homologies of (BI.1]) with respect
to (d*,e*). Since (d*,e*)C = 0, we obtain an exact sequence

0 — C?(=5) — A/(d*,e*) — k[a, b, c,d, e]/(d*, b*)k[a, b, c,d,e] — C(—1) — 0.
Therefore
Hy (A/(d*,e)) = (4/m)*(~6),
Hy(A/(d*,e) = A/m(-2),
HZ(A/(d* e") =0.
Thus a(An/(d*, e*)An) = m2A, > ¢t
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Lemma says that
(d* eMAp: c* C (d* e)An: m? Ay

and hence (d*,e?)A: ¢*/(d*, e*)A has finite length. Therefore we obtain an exact
sequence

See [I1] Proposition 2.6]. By comparing degree, we have two split short exact
sequences

0 — Hy(A/(d" eh) — Hy(A/(c' " e")) — Hy(A/(d",e"))(—4) — 0,

m

0— Hy(A/(d" ") — Hy(A/(c",d, e") — Hi(A/(d", ")) (—4) — 0.
Therefore

Hg(A/(C4a d47 64)) = (A/m)3(_6)a
Hy(A/(c",dY et) = Afm(-2)

and hence a(An/(c*,d* e*)) = m2 A, 2 bt
Similarly we have H2 (A/(b*, c*, d*, e*)) = (A/m)*(—6) and

Cl(Am/(b47 647 d4a 64)Am) - mAm > a4. O

Although the finite morphism
Spec k[av ba & dv 6](a,b,c,d,e) - SpeC Am

is a Macaulayfication, we construct a Macaulayfication of Spec Ay, by using Corol-
lary Let b = H4 (Xiy...,25)Am and Y = ProjR(b). From the proof of

i=1
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Lemma [£3] we find that Y is covered by 16 affine schemes:

(3) Spec Am :Z—j,Z—;Z—:z—j: , (4) Spec Ay :Z—i,z—:z—:z—j: )
(7)  Spec A Z—i?i—ji—i : (8) SpecAn Z—ig—ii—ii—i :
(9) SpecAn :Z:Zi,;—i,;i:, (10) Spec Ay Zi’f;’cc;’&}’
) specn [T S 5] 02 speean [ 50 25,
(13)  Spec Am z—ii—ii—ifl—i (14)  Spec Am Ziiiﬁ&}
(15)  Spec Am Z—ig—ii—i;—i (16)  Spec Am _a4v§4»04’d4

We check the Cohen-Macaulay property of them.
For example, we consider (16). By letting s = a, t = b/a, u = ¢/b, v = d/c and
w = e/d, we obtain an isomorphism

At /at, ¢t /bt d* et et fdY
= k‘[s,t4 ut, vt wh, st, stu, stuv, s*t2uv?w?, SSt3udvdw?,

S3t2 2,2 3t3 3t3 3t3u3v3w].

vw, s

U’U)S ’U’U)S

The right hand side is also an affine semigroup ring and satisfies the assumption of
the following theorem.

Theorem B.2 ([13] Theorem 2.6]). Let k be a field and B = k[my,...,m;| an

affine semigroup ring, where my, ..., m, are monomials. Assume that
1. my, ..., mq are algebraically independent over k;
2. there is a positive integer k such that m§+1, coo,mE e kimy, ... ma).

Then the following statements are equivalent:

1. B is Cohen-Macaulay;
2. myB:mj =m;B for alli < j.

It is easy to see that A[b*/a%,ct/b*, d*/c*, et /d*] is a Cohen-Macaulay ring by
using the theorem above and we can prove that (1)-(15) are Cohen-Macaulay in
the same way.
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